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Abstract: Due to ignoring the effects of the change of the tooth attachment position caused by the 
cracks, traditional time vary mesh stiffness (TVMS) calculation models and dynamic simulations 
for cracked gears will lose their precision in the body crack case. To address this shortcoming, a 
new analytical TVMS calculation model of cracked gear considering tip relief (TR) is developed 
based on a proposed variable-angle deformation energy integration (VADEI) method. On this 
basis, a dynamic model of the gear system for the analysis of fault vibration characteristics is 
established. The effectiveness and accuracy of the proposed TVMS calculation model are verified 
by the finite element (FE) method. A comprehensive investigation is finally carried out to reveal 
the effects of the parameters of TR, load and crack on the TVMS and dynamic characteristics of 
the cracked gears. The study results indicate that the proposed models can meet the accurate 
TVMS calculation and dynamic simulation for both the tooth and body cracked gears, and the 
influences of the tooth attachment position change caused by the crack can not be ignored. This 
study could provide a systematic methodology and meaningful reference for the dynamic 
modelling, simulation and fault diagnosis of gear systems with crack failures. 
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List of symbols 

subscript i Subscript i = 1, 2, 3 represents Zone І (i = 1), Ⅱ (i = 2) or Ⅲ (i = 3), respectively 

subscript λ Subscript λ = p, g represents driving gear (λ = p) or driven gear (λ = g), 
respectively 

α1 The angle of the meshing force 

α2 Half of the tooth angle corresponding to the base circle  

αp The included angle of the action line and the x coordinate in the fixed coordinate 
system in Fig. 8 

Axi The area of the micro-section dxi  

cλx/cλy  Bearing damping of gear λ in x/y direction 

cm Total meshing damping 

Cn Amount of tooth TR 

d1 The horizontal distance between the meshing position and the intersection of 
tooth profile and base circle 

d2 The horizontal distance between the intersections of tooth profile with dedendum 
circle and base circle 



d3 The horizontal distance between the crack tip and the intersection of tooth profile 
and dedendum circle 

epg The relative error excitation displacement of the driven gear relative to the 
driving gear 

�̇�!" The relative error excitation velocity of the driven gear relative to the driving gear 
E Gear elasticity modulus  

Ekj The relative profile error of any tooth pair j relative to the maximum deformation 
tooth pair k 

Eλj/Eλk  The tooth profile error of gear λ of any tooth pair j or the maximum deformation 
tooth pair k 

F Meshing force 

Fn Normal force 

Fai/Fbi Axial compression/shear force decomposed by F corresponding to the 
micro-section dxi  

fr Rotation frequency of driving gear 

fm Meshing frequency 

G Shear modulus of gear 

hF(xi) The effective moment arm of Fai on the micro-section dxi  

hr The vertical distance between the intersections of the addendum circle and tooth 
profile and the centerline of the gear tooth 

hx3 The length of the effective micro-section dx3 in Zone Ⅲ 

Ixi Area of inertia of the micro-section dxi  

Jλ Rotational inertia of gear λ 

km Total TVMS modified by the tooth errors 

K TVMS of single tooth pair  

Kb/Ks/Ka /Kf  Stiffness of bending/shear/axial compression/fillet foundation 

Kbλ/Ksλ/Kaλ/Kfλ Stiffness of bending/shear/axial compression/fillet foundation of gear λ 

KfFEM TVMS of single tooth pair calculated by the FE model 

Kh  Hertz contact stiffness  

kλx/kλy  Bearing stiffness of gear λ in the x/y direction 

l The effective moment arm of Fb3 on the micro-section dx3  

Ln Length of tooth TR 

m Module of gear 

mλ Mass of gear λ 

Mi Total bending moment of the micro-section dxi  

n The first (n = 1) and second (n = 2) tooth pair 

pa Principal stress pa of the beam section NN in Fig. 3 (a) 

q Crack depth 

Rb Base circle radius 

Rbλ Base circle radius of gear λ   

Rg Dedendum circle radius   

Ro Addendum circle radius  

Tr Rotation period of the driving gear 

Tλ Torque of gear λ 



Ub/Us/Ua  Deformation energy of bending/shear/axial compression 

W Tooth width 

xi Distance of the effective micro-section dxi from the base circle (i = 1 or 2) or 
dedendum circle (i = 3) 

 Lateral displacement/velocity/acceleration of gear λ along the x-direction 
 Lateral displacement/velocity/acceleration of gear λ along the y-direction 

 Angular displacement/velocity/acceleration of gear λ 

β F decomposition angle for the effective micro-section dx3 in Zone Ⅲ 

δj Tooth deformation of the jth tooth pairs 

δλ The meshing point displacement of gear λ along the line of action 

θ Position angle of the effective micro-section dx3 in Zone Ⅲ 

θf Half of the tooth angle corresponding to the dedendum circle  

φ Crack initiation position angles 

ϕ Meshing position ϕ 

τa The shear stress of the beam section NN in Fig. 3 (a) 

σa The tensile stress of the beam section NN in Fig. 3 (a) 

ν Crack angle  

ωλ Rotation speed of gear λ 

1. Introduction 

The gear system is an important part of mechanical equipment, which is widely used as the 
key component of power and motion transmission in aerospace, energy development, industrial 
production and other modern mechanical equipment [1-3]. As one of the important basic 
components of the gear system, gear often produces crack failures in the operation of the system 
due to excessive load, improper assembly or fatigue caused by long-term operation [4-5]. The 
internal excitation of gear will be changed once the crack occurs, which will further affect the 
dynamic characteristics of the gear system. Therefore, establishing an accurate internal excitation 
calculation model of cracked gear and then simulating its fault vibration characteristics have 
become necessary and effective means for scholars to develop fault diagnosis and monitoring 
methods [6-7].  

 TVMS is one of the main internal excitation forms of gear systems. Establishing the accurate 
TVMS calculation model is the primary premise for gear dynamic simulations. At present, the 
computational methods of TVMS mainly include the analytical method [8-9], FE method [10-12], 
analytical-FE method [13-15] and experimental method [16-17]. The experimental method is more 
consistent with the actual situation, but its cost is higher and efficiency is relatively lower. The FE 
and analytical-FE methods require high-quality mesh division to obtain more accurate results, 
which are time-consuming and inefficient. In contrast, the analytical method has attracted a lot of 
attention and is widely adopted by scholars due to its higher computing efficiency and accuracy 
[19-20]. 

 According to the crack propagation path, gear crack can be divided into two types: tooth 
crack and body crack [21-22], which are shown in Fig. 1. At present, analytical TVMS calculation 
methods for cracked gear mainly focus on the tooth crack case. The existing tooth crack models all 
assumed that the main reason for the decrease of TVMS caused by crack is that the crack reduces 
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the effective bearing tooth thickness of gear teeth. Therefore, scholars paid more attention to the 
influence of the factors that affect the effective tooth thickness on the TVMS of cracked gear, such 
as different crack propagation paths, crack angles and depths, as well as the limiting line of the 
effective thickness of cracked teeth. For example, the initial TVMS calculation models of crack 
gears simplified both the crack propagation path and the limiting line as a straight line to study the 
influence of crack parameters on TVMS [23-25]. Then, Mohammed et al. [26] modified the 
original TVMS computing model using a parabola between the tooth tip and the crack vertex as 
the limiting line. Chen et al. [27] replaced the parabolic limiting line with a straight one to limit 
the effective tooth thickness, achieving the same computational accuracy but simplifying the 
modelling process. Ma et al. [28] used parabola and straight line to simulate the crack growth path 
and the limiting line. Considering the early cracks did not run through the whole tooth width, and 
thus the weakening degree of the crack on tooth thickness is different along with the direction of 
tooth width, Chen and Shao [29] proposed the slicing method to address the TVMS computing of 
such cracked gears. In the above models, the cracked tooth is usually assumed to be a non-uniform 
cantilever beam, and the attachment position of the cracked tooth beam is always on the 
dedendum circle, and only the attachment area decreases gradually with the crack propagating 
along the direction of the tooth thickness. However, the attachment position of the cracked tooth 
cantilever beam actually depends on the position of the crack tip, that is, the attachment position 
of the cracked tooth will deviate from the root circle as the crack tip extends inside the gear body, 
then resulting in lengthening and tilting of the tooth cantilever beam [30]. This effect will 
inevitably affect the TVMS of cracked gear, while it is not considered in the traditional models.  
This influence will become significant when the crack expands inside the gear body, which will 
make the traditional TVMS calculation model no longer applicable.  

 

Fig. 1 Crack propagation paths [21-22]: (a) tooth crack, (b) body crack 

At present, the analytical TVMS calculation models for gears with body cracks are still 
lacking [31-32]. Early on, Zhou et al. [33] proposed one analytical TVMS calculation model that 
can be used in the body crack case, which is the so-called semi-planar cantilever beam model. In 
Zhou’s model, the attachment position of the cracked tooth cantilever beam changes from the 
dedendum circle in the traditional model to the position of the half gear body. However, taking 
half of the gear body as a part of the cantilever beam is not consistent with the ideal cantilever 
beam hypothesis, which will produce larger results than the actual situation [34]. At present, the 
accurate TVMS calculation model of body cracked gear mainly relies on the FE method [35], 
which will inevitably lead to low computational efficiency and high cost. Therefore, it is of great 



necessity to develop a high-precision and low-cost analytical TVMS calculation model for body 
cracked gears. 

Besides the TVMS excitation, transmission error is also one of the most important internal 
excitation forms of gears. To reduce the corner contact impact caused by the transmission error, 
tooth TR is often carried out during the gear machining and manufacturing processes. In the 
traditional gear dynamic simulation, the tooth error affects the gear dynamics only as a kind of 
displacement excitation form [36-37]. In 2013, Chen [38] proposed that there is also a coupling 
effect between the transmission error and TVMS, and presented the TVMS calculation model 
coupled with tooth errors. In Chen’s study, some suggestions were put forward that the tooth TR 
and load should be considered in the simulation of gear tooth crack since the corner contact is 
more prone to occur in a cracked gear [38]. At present, the effects of TR and load on the 
characteristics of internal excitation and dynamic response of the crack faults, especially for the 
body crack are still unclear and need to be further clarified. 

From the above review, several problems still need to be addressed in the TVMS calculation 
and dynamic modelling of the spur gear with crack fault:  

1) The traditional analytical TVMS calculation model of tooth cracked gears mainly concerns 
the influence of effective tooth thickness reduction caused by the crack on TVMS, but ignores the 
effect of the change of the cracked tooth attachment position, which makes it no longer applicable 
to the body crack case. High-precision analytical TVMS calculation models of gears with body 
crack failures are extremely scarce at present.  

2) The differences in the TVMS excitation and dynamic characteristics between the tooth 
cracked and body cracked gears are not fully clarified. 

3) The effects of TR and load on the characteristics of TVMS excitation and dynamic response 
of the crack faults, especially for the body crack fault are still unclear and need to be further 
revealed. 

Therefore, the aims and contents of the current paper are as follows: By considering the 
influences of TR and the changes in tooth attachment position caused by the crack, to propose a 
new analytical TVMS calculation model of cracked gear that can be used for both the tooth and 
body crack cases. Based on verifying the effectiveness and accuracy of the proposed model, to 
reveal the effects of the parameters of TR, load and crack on the TVMS excitation of the tooth and 
body cracked gears. Through establishing a dynamic model of the gear system, to investigate the 
vibration characteristics of the gear system under both the tooth and body crack cases, and then 
provide some theoretical basis for the fault type identifying and fault degree evaluation of gear 
cracks.  

The rest of the paper is structured as follows: The developed new analytical TVMS calculation 
model of cracked gear is introduced in Section 2. The parameters definition of tooth TR and the 
TVMS calculation process of the proposed model are described in Section 3. The established FE 
models for validating the correctness and accuracy of the proposed analytical TVMS calculation 
model are displayed in Section 4. The founded dynamics model of the gear system for exploring 
the crack fault vibration characteristics is illustrated in Section 5. Then the results obtained from 
the proposed models are discussed and analyzed in Section 6. Finally, some key conclusions are 
summarized and listed in Section 7.  



2. Proposed TVMS calculation model of gear with crack failure 

2.1 Problem formulation 

Fig. 2 (a) shows the existing TVMS calculation physical model of the healthy gear, in which 
the gear tooth is simplified as a variable section cantilever beam attached to the dedendum circle, 
and the attachment position is the vertical line of the two intersections of the dedendum circle and 
tooth profile. The stiffness of the healthy gear tooth can be obtained by calculating the 
deformation of Zone І (brown shaded part) and Zone Ⅱ (blue shaded part) under the meshing force 
F. Nevertheless, the effective bearing tooth thickness and attachment area of the gear tooth will 
change accordingly when a crack appears, leading to the stiffness calculation model of healthy 
gear being no longer applicable.   

 

              
Fig. 2 Different tooth cantilever beam models: (a) healthy tooth model, (b) traditional crack tooth model, (c) 

proposed tooth gear model 

As presented in Fig. 2 (b), the limiting line is adopted in the traditional crack model 
to calibrate the effective tooth thickness and tooth attachment area of the cracked tooth, that is, the 
effective tooth thickness and attachment area of the cracked tooth will decrease with the crack 
propagation. Then the tooth stiffness of the cracked gear can be obtained by calculating the 
deformation of effective tooth thickness in Zone І and Zone Ⅱ. It is worth noting that in the 
traditional cracked gear model, the tooth attachment position is always on the vertical line at the 
two intersections of the dedendum circle and tooth profile, and the crack only changes the 
effective tooth attachment area. The traditional crack model is widely used to compute the TVMS 
of tooth crack gears, i.e., the crack angle ν (pictured) is large and generally not less than 75o [28].   

However, as displayed in Fig. 2 (c), the attachment position of the crack tooth actually 
depends on the position of the crack tip, that is to say when the crack propagates into the gear 
body (i.e., the crack growth angle ν is small), the crack not only changes the effective bearing 
tooth thickness and tooth attachment area but also affects the angle of tooth attachment position 
(denoted with ∠KBQ in the picture) [30]. This change will lengthen the cracked tooth cantilever 
beam, namely, the zone Ⅲ is also included in the effective deformation zone of the tooth 
cantilever beam, which makes the cracked tooth model appear as a lengthened and inclined 
irregular cantilever beam. However, the traditional cracked gear model cannot take into account 
the effects mentioned above, which is bound to cause calculation errors, especially in the case of 
body crack (i.e., the crack growth angle ν is small).   

Therefore, based on the proposed new cantilever beam model of cracked teeth, this section 
intends to establish a new TVMS calculation model of cracked gear by considering the effects of 
the tooth attachment position change caused by the crack, then to further improve the accuracy of 
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the traditional model and provide a new approach for computing the TVMS of the gears with body 
crack failures.    

2.2 Modelling principle  

According to the deformation superposition principle of the cantilever beam, the whole tooth 
deformation can be calculated by the summation of the deformation of Zones І, Ⅱ and Ⅲ under the 
action of meshing force. The tooth stiffness of zones І and Ⅱ can be solved according to the 
traditional stiffness calculation model of cracked gear [39]. Therefore, the key problem to be 
addressed in this modelling is how to calculate the stiffness of the lengthened and inclined part in 
the cracked tooth cantilever beam, namely, the tooth stiffness of Zone Ⅲ presented in Fig. 2 (c).   

As displayed in Fig. 3 (a), based on the stress decomposition method, the principal stress pa of 
the beam section NN can be decomposed into a tensile stress σa perpendicular to the inclined 
section and shear stress τa parallel to the section according to an inclined angle θ of the 
cross-section.  

Inspired by the force decomposition method presented in Fig. 3 (a), a variable-angle 
deformation energy integration method is proposed to calculate the deformation energy of the 
lengthened and inclined tooth zone (Zone Ⅲ ). As displayed in Fig. 3 (b), the force decomposition 
angle β of each inclined micro-section dx3 in Zone Ⅲ varies with the position angle θ. By 
integrating the bending, axial compression and shear deformation energy of the inclined 
micro-section dx3 from position x3 = 0 to x3 = d3 (i.e. corresponding angle θ from 0o to ∠KBQ), 
then the total deformation energy of Zone Ⅲ under each meshing position can be obtained. Finally, 
the total tooth stiffness of the proposed new cantilever beam model can be calculated based on the 
energy method [40].   

               
Fig. 3 Proposed modelling principle and method: (a) stress decomposition method of beam cross-section, (b) 

schematic diagram of the proposed VADEI method  

2.3 TVMS calculation modelling for the proposed new crack tooth cantilever beam  

The details of the proposed new tooth cantilever beam model of the cracked gear for TVMS 
calculation modelling are shown in Fig. 4. In this model, the inclined straight limiting line 
defining the effective thickness of the cracked tooth in Ref. [27] is adopted due to its high 
accuracy and modelling convenience for both large and small crack cases. 
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Fig. 4 The proposed new cantilever beam of the cracked tooth 

In Fig. 3 (b) and Fig. 4, point A is the crack’s initial point, AQ represents the crack, and its 
depth is equal to q. PQ stands for the limiting line. Points A’ and B are the two intersection points 
of the dedendum circle and tooth profile, point D refers to the meshing point. BQ denotes the new 
attachment area of the crack tooth cantilever beam, point C is the intersection of the line BQ and 
the meshing line DC. Points G and H are the two intersection points of the gear tooth centerline 
with lines A’B and DC, respectively. Points K and N are the intersection points of line A’ B with 
lines PQ and PL subsequently. Point M is the intersection of line A’B with the horizontal line at 
the top of the micro-section dx3, point E is the intersection of the action line of the meshing force 
component Fa3 and the micro-section dx3, Point O is the midpoint of the micro-section dx3. 

The bending deformation energy Ub, axial compressive deformation energy Ua and shear 
deformation energy Us stored in a loaded gear tooth can be expressed by [40-41], 

  (1) 

where Kb, Ka and Ks represent the total tooth stiffness of bending, axial compressive and shear 
under the meshing load F. The potential energy of the tooth cantilever beam can be also obtained 
through the beam theory, 

  (2) 

of which, Mi, Ixi and Axi respectively represent the total bending moment, the area of inertia and 
the area of the micro-section dxi where the distance from the base circle (when in Zone І and Ⅱ) or 
dedendum circle (when in Zone Ⅲ) is xi; Fai and Fbi refer to the two components of the meshing 
force F corresponding to the micro-section dxi. The subscript i = 1, 2, 3 denotes the micro-section 
in Zone І, Ⅱ and Ⅲ, respectively.  
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Since the angle of meshing force decomposition corresponding to the micro-section in Zone І 
and Ⅱ keeps a constant α1, there are Fa1= Fa2 and Fb1= Fb2, while in Zone Ⅲ, Fa3 and Fb3 differ 
according to the angle θ of the micro-section dx3. Thus, Fai and Fbi can be expressed as follows, 

  (3) 

Gear crack will be in an open state under the mesh load, which will result in the offset of the 
neutral axis of the effective tooth thickness [39], that is to say, the bending moment aroused by Fa 
will no longer be a constant value but a function of xi (i = 1, 2, 3). Thus, the bending moment in 
Zone І, Ⅱ and Ⅲ can be calculated as follows, 

   (4) 

Here, hF(xi) means the effective moment arm of Fa on the micro-section dxi.  
Then, according to Eqs. (1)-(4), Kb, Ka and Ks can be expressed separately as, 

  (5) 

  (6) 

  (7) 

In Eqs. (5)-(7), Kbi, Kai and Ksi represent the tooth stiffness of the bending, axial compressive 
and shear in Zone i, the detailed calculation process of Kbi, Kai and Ksi of Zone І and Ⅱ can be 
found in Ref. [39] and will not repeat here. In this paper, we only focus on the computational 
modelling of the tooth stiffness of Zone Ⅲ. The parameters d3, Ix3, Ax3, hF(x3 ) and l in Zone Ⅲ can 
be expressed as, 

  (8) 

  (9) 

  (10) 

  (11) 

  (12) 

Substitute Eqs. (9)-(12) into Eqs. (5)-(7), Kb3, Ka3 and Ks3 can be written as,  

  (13) 
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  (14) 

  (15) 

In Eqs. (13)-(15), the length hx3 and the angle θ can be calculated as, 

  (16) 

  (17) 

where, 

  (18) 

of which 
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In Eq. (13), the length of line segment |OC| can be calculated as follows: 
The lengths of line segments GH and GB can be deduced by, 
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By establishing a rectangular coordinate system with the lines A’B and O1G as the horizontal 
and vertical axes respectively, the equation of line DC in this rectangular coordinate system can be 
obtained, 

  (23) 

And the equation of line EC in the rectangular coordinate system can be deduced as, 

  (24) 

Then, by combining Eqs. (23)-(24), the coordinate of point C (xC, yC) can be obtained as, 
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Then the |BC| can be deduced as,   
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Thus the |OC| can be obtained as, 

  (27) 

Substitute Eqs. (16), (17) and (27) into Eqs. (13)-(15), Kb3, Ka3 and Ks3 can be finally obtained 
as a function of x3, which are presented as, 

 (28) 

  (29) 

  (30) 

of which 

  (31) 

Yang and Sun [42] proposed the contact stiffness calculation formula based on the Hertz 
contact theory, which is widely adopted by scholars in the calculation modelling of TVMS, such 
as [19-20, 31-32, 37, 39]. The Hertz contact stiffness Kh can be expressed as [42],  

  (32) 

The gear tooth fillet foundation stiffness is also an important part of the TVMS. Chen [32] 
modified the computational method in [43] to fulfil the fillet foundation stiffness computation for 
the cracked gear. However, Chen’s method will produce a large error when calculating the tooth 
fillet foundation stiffness of body cracked gears and only performs well in the case of tooth crack. 
Therefore, Yang and Wang [30] further modified Chen’s model and proposed a tooth fillet 
foundation stiffness calculation method for the cracked gears, which can meet the calculation for 
both the tooth and body cracked gears and can be expressed as [30],  

  (33) 

of which 

  (34) 

  (35) 
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Here,  

  (36) 

In Eq. (33), the calculation for parameters, L, M, P and Q can be found in Ref. [43].  
Finally, the TVMS of single tooth pair can be calculated as,  

  (37) 

of which, the subscripts p and g refer to the driving gear and driven gear respectively. 
The existence of tooth profile errors and elastic deformation of the tooth may lead to gear 

failure to engage in accordance with the original meshing phase, which will further affect TVMS. 
Thus, the original TVMS calculation model needs to be further corrected by the tooth errors. The 
TVMS of single tooth pair is a function of tooth deformation δj (j denotes the numbering order of 
tooth pairs) and meshing position ϕ, which can be expressed as, 

  (38) 

Then, the total equivalent TVMS of double tooth pairs modified by the tooth errors can be 
deduced as [38], 

   (39) 

where, n=1, 2 refers to the first and second tooth pair respectively. Ekj refers to the relative profile 
error of the tooth pair j relative to the maximum deformation tooth pair k, and can be deduced as 
  (40) 

Here, subscript j refers to any tooth pair and subscript k represents the maximum deformation 
tooth pair. subscripts p and g denote the driving gear and driven gear respectively.  

3. Parameter definition of tooth TR 

Fig. 5 shows the definition of gear tooth TR parameters. In this paper, the same amount and 
same length of tooth TR are assumed for both the driving and driven gears, and the parabola is 
adopted as the tooth TR shape. The amount and length of tooth TR are given as follows [38]: 

  (41) 

  (42) 

where Ca_max = 0.02m and La_max = 0.6m [38], in which m denotes the module of the gear. 

( )'3
' /arcsin fSdBQA =Ð=g

÷
÷
ø

ö
ç
ç
è

æ
++++++++

=

hfgagsgbgfpapspbp KKKKKKKKK

K
111111111

1

( ) ( )
ïî

ï
í
ì

£

>
==

0,0

0,
,

j

jj
jjj

K
KK

d

df
df

å

å

=

=

+
= n

j
kjj

n

j
j

m

FEK

K
k

1

1

/1

gkpkgjpjkj EEEEE --+=

max_a

a
n C

CC =

max_a

a
n L

LL =



 
Fig. 5 Schematic of tooth TR 

Based on the equations established above, the TVMS calculation flow chart of the proposed 
model is given and displayed in Fig. 6.  

Fig. 6 Flow chart of the proposed TVMS calculation model 

4. FE modelling for validating the proposed TVMS calculation model  

Although the FE model has low computational efficiency, it is often used by scholars to 
validate the accuracy and correctness of the proposed analytical TVMS calculation model due to 
its high computational accuracy. At present, there are two kinds of FE models widely used to 
calculate the gear TVMS: the FE models by applying contact force [26, 30-32] and FE models 
with contact elements [13, 15, 31]. By contrast, the calculation efficiency of the FE models with 
contact elements is relatively lower, especially when a large number of grids are involved [31]. 
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Therefore, to facilitate modelling and improve computational efficiency, the 2D FE models by 
applying contact force are adopted in this study. 

 
Fig. 7 FE models of spur gear with different types of cracks 

The established 2D FE models of the cracked gear are presented in Fig. 7. To verify the 
universality of the proposed analytical model, two types of crack models were both established in 
this study, that is 

1) Body crack models: The crack angle ν = 0o, and the crack depth q = 0.5 mm, 1 mm, 1.5 mm 
and 2 mm, respectively. In this case, with the crack increase, the effective tooth thickness of the 
crack gear is almost unchanged, and the length of the tooth cantilever beam gradually increases.  

2) Tooth crack models: The crack angle ν = 75o, and the crack depth q = 0.5 mm, 1 mm, 1.5 
mm and 2 mm, respectively. In this case, with the crack increasing, the effective tooth thickness 
changes greatly while the length of the tooth cantilever beam changes slightly. 

Through computing the displacement of the meshing point of driving and driven gears along 
the line of action under meshing force F, the TVMS can be finally obtained by [26, 30, 32], 

   (43) 

where KfFEM is the TVMS of the single tooth pair calculated by the FE model. δp and δg represent 
the meshing point displacement of driving and driven gears along the line of action, respectively. 

5. Dynamic modelling of spur gear system 

To study the fault vibration characteristics, and then provide the corresponding theoretical 
basis for the establishment of the crack fault diagnosis method, a lumped parameter dynamic 
model with 6-DOF is established and shown in Fig. 8. In the developed dynamic model, the 
internal excitation of transmission error and TVMS are all considered. Since the similar dynamics 
models of double tooth pairs have been verified and widely used, such as in Refs. [18, 26, 29], the 
correctness of the dynamic model is not repeatedly verified in this paper. It is worth noting that, 
different from the 6-DOF dynamics model in Refs. [26, 29], the proposed dynamic model takes 
into account the plane circumferential distribution position of the gear system, that is, the vibration 
response along the x or y direction under different distribution position angles can be calculated by 
changing the angle position αp. In this study, αp is set as 20o.  
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Fig. 8 The established dynamic model of the spur gear system 

The vibration equation of the gear system can be given as, 
   (44) 
of which, the matrix of displacement X, mass M, damping C, stiffness K and load P can be 
deduced separately as follows, 
   (45) 

   (46) 

 

  (47) 
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  (49) 

In Eqs. (45)-(49), the explanation of the symbols can be seen in the List of symbols. 
By inputting the element parameters in the matrix of mass M, damping C, stiffness K and 

load P into Eq. (44), the displacement responses X can be obtained through solving Eq. (44) using 
the Runge-Kutta method in Matlab, and then the vibration responses of the gear system can be 
further analyzed.  

6. Results and discussion     

Based on the TVMS calculation models and 6-DOF dynamic model established in the 
previous sections, the characteristics of the TVMS excitation and dynamic responses of the gear 
system are calculated and analyzed in this section. The parameters of the gear system used in this 
simulation study are displayed in Table 1. 

Table 1 Design parameters of spur gear system used in the simulation 

Parameter Driving gear Driven gear 

Teeth number n 30 25 

Modulus m (mm) 2 2 

Tooth width W (mm) 20 20 

Contact ratio 1.63 1.63 

Pressure angle α0 (o) 20 20 

Poisson's ratio 0.3 0.3 

Young modulus E (GPa) 206.8 206.8 

Mass (kg) mp=0.4439 mg=0.3083 

Rotational inertia (kg·m2) Jp=2×10-4 Jg=0.96×10-4 

Radial bearing stiffness (N/m) kpx=kpy=6.56×108 kgx=kgy=6.56×108 

Radial bearing damping (N·s/m) cpx=cpy=1.8×103 cgx=cgy=1.8×103 

Rotational speed (rpm) ωp=2000 ωg=2400 

Mesh damping between meshing teeth cm (N·s/m) 0.3e-5×km [41] 

6.1 Analysis of TVMS calculation results 

In this section, the correctness and accuracy of the proposed analytical TVMS calculation 
model of cracked gear are validated by the FE method. Then, the effects of parameters of load, TR 
and crack on the TVMS are analyzed and discussed based on the proposed model. 

6.1.1 Verification results of the proposed TVMS calculation model  

Fig. 9 shows the comparison of TVMS results calculated by the proposed model, traditional 
model and FE model under different depths with the same crack angle ν = 0o. In this comparative 
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study, the tooth profile of gear is not modified.  
As can be seen in Fig. 9, the TVMS calculated by the proposed model and the FE model 

gradually decreases and are in good agreement with each other as the crack increases, while the 
traditional model almost keeps a constant value. The results indicate that the lengthening of the 
tooth cantilever beam caused by the body crack will weaken the tooth stiffness, and the deeper the 
crack is, the greater the weakening effect will be. Since the crack angle ν = 0o, the effective 
thickness of the cracked tooth is barely affected by the crack propagation, thus the TVMS 
obtained from the traditional model is almost a constant value with the increase of the crack depth, 
which is not in line with the actual situation. In conclusion, the good agreement between the 
proposed model and the FE model verifies the correctness and accuracy of the proposed model. 

 

Fig. 9 TVMS comparison of body cracked gear (ν = 0o) obtained from different models under different crack 

depths: (a) q = 0.5 mm, (b) q = 1 mm, (c) q = 1.5 mm, (d) q = 2 mm 

To verify that the proposed model also has high calculation accuracy in the tooth crack case, 
the comparison of TVMS results obtained from the three models under different tooth crack 
depths is also carried out in Fig. 10. It can be seen that the TVMS calculated by the three models 
decrease with the raising of the tooth crack depth and are all in good agreement, indicating that the 
proposed model can also be used in tooth crack cases.  

(a) (b)

(c) (d)

FE FE

FE FE



Fig. 10 TVMS comparison of tooth crack gear (ν = 75o) obtained from different models under different crack 

depths: (a) q = 0.5 mm, (b) q = 1 mm, (c) q = 1.5 mm, (d) q = 2 mm 

To further clearly present the comparison results, the percentage differences of the TVMS 
results computed by the proposed and traditional models from the FE model under different crack 
cases are displayed in Table 2. As can be found, for the body crack case (ν = 0o), the percentage 
differences of the traditional model are significantly larger than that of the proposed model, 
especially when the crack becomes larger. For example, the percentage difference of the 
traditional model is up to about 25.6 times that of the proposed model under the case q = 2 mm. 
For the tooth crack case (ν = 75o), the percentage differences between the traditional and proposed 
models are close to each other, but the proposed model is relatively smaller, which demonstrates 
that the slight tooth lengthening induced by the crack with ν = 75o also affects on TVMS.  

Table 2 Percentage differences of the TVMS calculated by proposed and traditional models from the FE model 

Crack parameters  Percentage difference (%) 
Crack angle ν (o) Crack depth q (mm)  Traditional model Proposed model 

0 

0.5  3.92 2.22 
1  4.68 1.21 
1.5  5.73 0.42 
2  6.91 0.27 

75 

0.5  3.06 2.58 
1  1.84 0.76 
1.5  1.93 0.03 
2  1.70 1.24 

From the above validation results, we can conclude that the main advantage of the proposed 
model is its high calculation accuracy in the body crack case, which is not possible with the 
traditional model. However, in the case of the tooth crack, the differences between the proposed 
and traditional models are relatively small because the attachment position of the cracked tooth in 
the proposed model is close to that of the traditional model. Therefore, both models can be used 
for TVMS calculation in the tooth crack case, while in the case of body crack, the proposed model 

(a) (b)

(c) (d)

FE FE

FE FE



with higher accuracy is recommended. 

6.1.2 Effects of TR parameters on TVMS of cracked gear 

The TVMS results calculated by the proposed model under different amounts and lengths of 
TR are carried out to explore the effects of TR on the TVMS excitation of the cracked gear.  

 Fig. 11 displays the TVMS results of the body and tooth cracked gears with different TR 
amounts. It can be found in the unmodified case Cn = 0, there will be a sudden change of TVMS in 
the alternating region between the double-tooth meshing zone (DTMZ) and single-tooth meshing 
zone (STMZ), where the original DTMZ and STMZ are marked in Fig. 11. Compared with the 
unmodified gear, the gear with TR can slow down the sharp change of TVMS in the alternating 
region, which will reduce the TVMS excitation of the cracked gear. It can also be seen that 
compared to the original STMZ of the unmodified case, the STMZ of the modified cracked gear 
increases gradually with the TR amount rising (This change is denoted in Fig. 11 (a) using case Cn 

= 1.5 as an example), which is because the error caused by the TR delays the time of the double 
teeth into the engagement. Moreover, the corner contact will be easy to occur when the TR amount 
is relatively small, such as the part marked by the ellipse in the case Cn = 0.3. By comparing case 
Cn = 0.6 in Fig. 11 (a) and (b), it can be observed that the engaged position of the second DTMZ 
(As indicated by the abscissa of the black dot) of the body cracked tooth is 0.01 mesh cycles later 
than that of the tooth crack tooth, which indicates that the tooth cracked tooth is more likely to 
lead to the next tooth pair in advance into meshing and then cause corner contact phenomenon 
than the body cracked one under the same TR amount. This phenomenon is caused by the fact that 
the deformation of the tooth cracked gear is larger than that of the body cracked one under the 
same crack depth, which makes it easier to get the next tooth pair into engagement earlier.  

Fig. 11 Effects of TR amount Cn on TVMS under different crack types (q = 2 mm, Tp = 100 N and Ln = 0.6): (a) 

body crack (ν = 15o), (b) tooth crack (ν = 75o) 

 Fig. 12 presents the TVMS results of the body and tooth cracked gears with different TR 
lengths. We can see that the STMZ of both the body and tooth cracked gears increases with the TR 
length raising. The TVMS curve becomes smoother with Ln increasing when Ln is less than 0.8. 
However, the TVMS curve will become sharper and the bearing capacity of the cracked tooth will 
be significantly reduced when Ln = 0.8, 1.0 and 1.2. The tooth cracked tooth is more likely to lead 
to the corner contact phenomenon than the body cracked one under the same TR length, which can 
be found by comparing the abscissa of the black dot in case Ln = 0.4 in Fig. 12 (a) and (b). It can 
be concluded that tooth modification can change the phase and amplitude of the TVMS excitation 
of the cracked gear. Although the tooth modification can reduce the internal TVMS excitation, the 

(a) (b)

Corner contactCorner contact

DTMZ without TR DTMZ without TR STMZ without TR
STMZ with TR 

DTMZ without TR DTMZ without TR STMZ without TR
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parameters of tooth TR amount and length should be selected reasonably according to the specific 
situation [38].  

 Fig. 12 Effects of TR length Ln on TVMS under different crack types (q = 2 mm, Tp = 100 N and Cn = 0.8): (a) 

body crack (ν = 15o), (b) tooth crack (ν = 75o)  

6.1.3 Effects of load parameters on TVMS of cracked gear 

Fig. 13 shows the influences of applied load on the TVMS of cracked gears. We can see that 
the STMZ of cracked gear goes up gradually with the decrease of the load, which indicates that 
the phase of the internal excitation of the crack gear can also be changed by the load. And the 
increase of load will lead to the corner contact, such as the part marked by the ellipse in the case 
Tp = 200 N·m. Compared with the body crack case, the tooth cracked gear with the same crack 
depth is more prone to corner contact under the same load, which can be inferred by comparing 
the abscissa of the black dot in case Tp = 100 N·m. Similar to the previous results, this 
phenomenon is also because the TVMS of tooth cracked gear is smaller than the body cracked one, 
which makes it easier to get the next tooth pair into engagement earlier.  

Fig. 13 Effects of load on TVMS under different crack types (q = 2 mm, Cn = 0.8 and Ln = 0.6): (a) body crack (ν = 

15o), (b) tooth crack (ν = 75o) 

6.1.4 Effects of crack parameters on TVMS  

Fig. 14 displays the effects of crack depth on TVMS of the cracked gears. It can be observed 
that the TVMS of both the body and tooth cracked gears gradually rises with the increase of the 
crack depth. However, under the same crack depth, the TVMS of tooth cracked gear decreases 
more sharply than the body cracked one, which illustrates that the same value of effective tooth 
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thickness reduction has a more significant effect on the TVMS than the same value of tooth 
lengthening caused by the crack. In addition, the corner contact also occurs in the tooth cracked 
gear with crack depth q = 4 mm due to its relatively low TVMS.  

Fig. 14 Effects of crack depth on TVMS (Tp = 100 N, Cn = 0.8 and Ln = 0.6): (a) body crack (ν = 15o), (b) tooth 

crack (ν = 75o) 

To quantify the weakening effect of different crack parameters on TVMS of cracked gears, the 
percentage differences of TVMS (PTVMS) of cracked gears from healthy gear are carried out, which 
is defined as, 
    (50) 

where, TVMSCrack and TVMSHealthy denote the TVMS of cracked and healthy gears at the same 
meshing position, respectively. 

In Fig. 14, moments A and B represent the meshing position in STMZ and DTMZ, respectively. 
To clearly present the effects of crack parameters on the TVMS, the PTVMS of different crack depth 
cases at moments A and B is calculated and displayed in Table 3. It can be seen that the same 
crack depth has different weakening effects on TVMS under different crack angles, especially in 
the larger crack depth case. For example, under the case q = 4 mm, the PTVMS of the tooth cracked 
gear (ν = 75o) can be respectively up to about -61% and -38.45% at moments A and B, while the 
body cracked case (ν = 15o) only reaches -23.61% and -16.25% accordingly.  

Table 3 PTVMS of the cracked gear from the healthy gear under different crack depths 

Crack 
angle ν 
(o) 

Crack 
depth q 
(mm) 

Moment A  Moment B 

TVMS 
(×108 N/m) PTVMS (%)  TVMS  

(×108 N/m) PTVMS (%) 

15 

0 2.113 0  3.815 0 
1 1.959 -7.26  3.612 -5.32 
2 1.826 -13.57  3.443 -9.76 
3 1.712 -18.97  3.305 -13.35 
4 1.614 -23.61  3.195 -16.25 

75 

1 1.957 -7.34  3.568 -6.48 
2 1.723 -18.43  3.234 -15.23 
3 1.356 -35.80  2.804 -26.49 
4 0.824 -61.00  2.348 -38.45 

The influences of crack angles on the TVMS of cracked gears are shown in Fig. 15. It can be 
found in Fig. 15 (a) that the TVMS first decreases and then increases with the raising of the crack 
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angle, and the TVMS reaches the minimum at ν = 45o. The results can be explained that the 
TVMS of cracked gear is co-determined by the following three factors: the effective tooth 
thickness and length, as well as the fillet foundation stiffness, which is all determined by the crack 
position. In this case, the comprehensive weakening effect of the three factors on TVMS reaches 
the maximum at 45o. From the whole view, the crack angle under the crack depth q = 1 mm has 
little influence on TVMS, mainly because the effect of the small size crack on the tooth 
attachment position is limited. In Fig. 15 (b), the TVMS decreases with the rising of the crack 
angle when q = 4 mm. This phenomenon is due to that in the large crack case, the change in 
effective tooth thickness has a more obvious impact on TVMS. 

Fig. 15 Effects of crack angle on TVMS (Tp = 100 N, Cn = 0.8 and Ln = 0.6): (a) q = 1 mm, (b) q = 4 mm 

Table 4 presents the PTVMS of different crack angle cases at moments A and B. From Tables 3 
and 4, it can be observed that with the crack angle rises, the PTTVMS of moments A and B under the 
crack case q = 1 mm rarely changes, while it increases significantly under the crack case q = 4 mm. 
For example, when the crack angle increases from 0o to 75o, the maximum reduction of PTVMS at 
moments A and B reaches -2.58% and -2.78% respectively in the crack case q = 1 mm, while this 
value is up to -43.43% and -26.75% accordingly in the case q = 4 mm. Therefore, it can be 
concluded that the TVMS is less affected by the crack angle under the small crack depth, but it is 
very sensitive to the crack angle under the large crack case. 

Table 4 PTVMS of the cracked gear from the healthy gear under different crack angles 

Crack 
depth q 
(mm) 

Crack 
angle ν 
(o) 

Moment A  Moment B 

TVMS 
(×108 N/m) PTVMS (%)  TVMS  

(×108 N/m) PTVMS (%) 

1 

0 1.986 -6.00  3.657 -4.15 
30 1.940 -8.17  3.577 -6.24 
45 1.931 -8.58  3.555 -6.82 
60 1.936 -8.34  3.550 -6.93 

4 

0 1.741 -17.57  3.369 -11.70 
30 1.467 -30.56  3.007 -21.19 
45 1.293 -38.80  2.801 -26.57 
60 1.080 -48.90  2.578 -32.42 

6.2 Analysis of dynamic simulation results 

In this section, based on the 6-DOF dynamic model established in Section 5, the effects of 
different TVMS calculation models, TR, load and crack propagation on the vibration 

(a) (b)

A

B
A
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characteristics of the tooth and body cracked gear are analyzed and discussed. The vibration 
signals of the driving gear in the x-direction are adopted in the following analysis. 

6.2.1 Effects of different TVMS calculation models on the dynamic characteristics of cracked gear  

To reveal the dynamic characteristic deviations caused by the traditional and proposed TVMS 
calculation models under tooth and body crack cases, the time and frequency domain spectra of 
the tooth and body cracked gear are carried out and presented in Fig. 16.  
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Fig. 16 Time and frequency domain spectra under different TVMS models and crack types (q = 2 mm, Tp = 100 N, 

Cn = 0.8 and Ln = 0.6): (a) healthy gear, (b) TM with BC, (c) PM with BC, (d) TM with TC, (e) PM with TC. (BC: 

Body crack (ν = 15o); TC: Tooth crack (ν = 75o); TM: Traditional model; PM: Proposed model)  

It can be found in Fig. 16 that the crack will produce the periodic impact (presented in Fig.16 
(b1), (c1), (d1) and (e1)) with the rotation cycle time Tr = 0.03 s in the time domain, which is 
caused by the periodic TVMS excitation of the crack tooth. Moreover, the crack can also lead to 
the frequency sidebands with an interval of the rotation frequency fr (fr = 33.33 Hz) near the 
meshing frequency fm and its harmonic frequencies (2fm, 3fm, …), which can be seen in Fig.16 (b2), 
(c2), (d2) and (e2). In the frequency spectrum, the main response frequency is 2fm, and the 
sideband near 2fm is the most abundant. Therefore, the maximum amplitude of the side frequencies 
(MASF) near 2fm is adopted to quantify the effects of the crack on the gear’s vibration frequency 
domain spectra.  

By comparing Fig. 16 (b1) with (c1) and Fig. 16 (d1) with (e1), we can see that the maximum 
amplitude of the periodic impact in the time spectra obtained by the traditional model in the body 
and tooth crack cases is about 1.553 μm and 2.266 μm respectively, while for the proposed model 
it reaches 2.174 μm and 2.662 μm accordingly. By comparing the frequency spectra, the MASF 
near 2fm in Fig. 16 (c3) and (e3) is about 3.87 times and 1.22 times higher than that in Fig. 16 (b3) 
and (d3) respectively. From the above comparison, we can conclude that the time-domain 
response impact calculated based on the proposed model is larger than that of the traditional 
model. The deviations demonstrate that the weakening effect of tooth lengthening caused by the 
crack on the TVMS has a great influence on the vibration characteristics of crack fault, which can 
not be ignored.  

From Fig. 16 (c) and (e) it can be observed that the periodic impact caused by the tooth crack 
is more intense than the body crack under the same crack depth. And the percentage differences of 
maximum amplitude of the periodic impact in the time domain caused by the tooth crack is about 
1.56 times larger than the body crack case. In the frequency domain, the MASF near 2fm in the 
tooth crack case (marked in Fig. 16 (e3)) is 1.35 times larger than the body cracks one (pictured in 
Fig. 16 (c3)). The results illustrate that the reduction of effective tooth thickness aroused by the 
tooth crack has a greater weakening effect on the dynamic response than the tooth lengthening 
caused by the body crack under the same crack depth.  

6.2.2 Effects of TR on dynamic characteristics of cracked gear  

From Section 6.1.2 we can see that the TR has a great influence on the internal excitation of 
the cracked gear, which may further affect the vibration characteristic of crack fault. Therefore, the 
effects of TR on the dynamic characteristics of cracked gear are carried out and displayed in 
Fig.17. It can be found in Fig. 17 (a) that the TR will reduce the vibration levels of the cracked 
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gear, but it doesn't mean that the larger the TR amount, the more the vibration decreases. 
Therefore, it is very important to select appropriate tooth modification parameters. From Fig. 17 
(b) we can find that as the TR amount increases, the peak position of the sideband gradually 
moves away from 2fm (that is, from 2fm-2fr to 2fm-5fr), and its amplitude decreases gradually. These 
differences are due to the fact that the TR changes the amplitude and alternating position between 
the DTMZ and STMZ of the TVMS internal excitation, which leads to different behaviors of 
phase and amplitude modulations caused by the periodic impact of crack fault.  

 
Fig. 17 Time and frequency domain spectra of cracked gear with different TR amounts Cn (ν = 15o, q = 2 mm, Tp = 

100 N and Ln = 0.6): (a) time domain, (b) frequency domain 

Scholars usually use the ratio of amplitude between the side frequency and meshing frequency 
to characterize the degree of crack failures [44]. In our study, two frequency domain indicators are 
put forward to clearly present the differences in frequency domain characteristics of the cracked 
gear under different cases, which are expressed by, 

   (51) 

   (52) 

where RMASF and RSASF represent the ratio of the MASF and the sum of amplitudes of side 
frequencies (SASF) to the amplitude of the meshing frequency, respectively. Anfm±ifr means the 
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amplitude of the ith side frequency on both sides of the nth meshing frequency, Anfm is the 
amplitude of the nth meshing frequency, and k denotes the number of side frequencies. In this 
study, k = 29 and n = 2. 

Fig. 18 displays the effects of TR amount on the spectrum characteristic parameters of the 
cracked gear. It can be found in Fig. 18 (a) that the amplitude of 2fm reaches the minimum at Cn = 
0.3, which reflects that the vibration of the cracked gear is greatly reduced in this case. In Fig. 18 
(b), with the TR amount going up, the amplitude of MASF and SASF decreases gradually, and the 
peak position of the sideband gradually moves away from 2fm-2fr to 2fm-5fr. In Fig. 18 (c), the 
RMASF and RSASF first increase and then decrease with the TR amount increasing, and both reach the 
maximum at Cn = 0.3, which indicates that the TR amount has a great influence on the spectrum 
statistical characteristic of the crack fault.   

 
Fig. 18 Effects of TR amount Cn on frequency spectrum characteristic parameters of cracked gear (ν = 15o, q = 2 

mm, Tp = 100 N and Ln = 0.6): (a) meshing frequency, (b) side frequency, (c) frequency domain indicators 

Fig. 19 presents the effects of TR length on the dynamic characteristics of the cracked gear. 
We can find that the relationship between TR length and the vibration amplitude of the cracked 
gear is also nonlinear, that is, the vibration amplitude does not decrease continuously with the 
increase of the TR length. The TR length also has a great effect on the dynamic characteristics of 
the cracked gear. Under the case of Ln = 0.2, the gear vibration level reaches the lowest, and the 
side frequency components near 2fm are still abundant, but the amplitude of 2fm decreases sharply 
compared with the other cases.  
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Fig. 19 Time and frequency domain spectra of cracked gear with different TR lengths Ln (ν = 15o, q = 2 mm, Tp = 

100 N and Cn = 0.8): (a) time domain, (b) frequency domain 

The effects of TR length on the spectrum characteristic parameters of cracked gear are also 
put forward in Fig. 20. It can be seen that the amplitude of 2fm reaches the minimum at Ln = 0.2. 
Different from the effects of TR amount, the amplitudes of MASF and SASF do not decrease 
continuously with the increase of the TR length, but show a fluctuating state and reach the 
minimum at case Ln = 0.8. With the Ln increase, the peak position of the sideband gradually 
changes from 2fm-2fr to 2fm-6fr. The amplitude of RMASF and RSASF is more obvious when Ln = 0.2 
and 1.2.  

The above results show that the vibration characteristics of cracked gears with different TR 
parameters are different under the same crack fault degree, and thus the influence of TR should be 
considered in the design of the crack fault diagnosis method.  
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Fig. 20 Effects of TR length Ln on frequency spectrum characteristic parameters of cracked gear (ν = 15o, q = 2 

mm, Tp = 100 N and Cn = 0.8): (a) meshing frequency, (b) side frequency, (c) frequency domain indicators 

6.2.3 Effects of load on dynamic characteristics of cracked gear  

The effects of load on the dynamic characteristics of the cracked gear are also studied and 
displayed in Fig. 21. It can be seen that with the load rising, the vibration of the cracked gear 
increases, and the amplitudes of the side frequencies and the meshing frequency 2fm also rise 
gradually, which demonstrates that the load also has an important effect on the fault vibration 
characteristics of the cracked gear. 

 
Fig. 21 Time and frequency domain spectra of cracked gear with different loads Tp (ν = 15o, q= 2 mm, Cn = 0.8 

and Ln = 0.6): (a) time domain, (b) frequency domain 

The effects of load on the spectrum characteristic parameters of the cracked gear can be 
found in Fig. 22. It can be observed that with the load going up, the MASF, SASF and the 
amplitude of 2fm all increase, and the peak position of the sideband gradually changes from 2fm-7fr 
to 2fm-4fr, which demonstrates that the load can significantly influence the phase and amplitude 
modulations caused by the periodic impact of crack fault. This phenomenon can be explained that 
the load can significantly change the phase and amplitude of the TVMS excitation of cracked gear 
with tooth errors, which can be seen in Fig. 13. The RMASF and RSASF tend to go up with the load 
increase, which indicates that the crack fault characteristics are more obvious and easier to be 
measured and obtained under the larger load conditions.  
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Fig. 22 Effects of load Tp on frequency spectrum characteristic parameters of cracked gear (ν = 15o, q= 2 mm, Cn = 

0.8 and Ln = 0.6): (a) meshing frequency, (b) side frequency, (c) frequency domain indicators 

6.2.4 Effects of crack propagation on dynamic characteristics of cracked gear  

The study of the influence of crack propagation on gear dynamic responses can provide a 
theoretical basis for the method establishment of diagnosis and condition monitoring of crack 
failures. In this study, the influence of the body and tooth crack propagation on the dynamic 
characteristics of the gear system is carried out. And the crack propagation path is assumed to be a 
straight line, which is widely adopted by scholars [27-28, 39]. 

The time and frequency domain spectra under different body crack depths are displayed in Fig. 
23. It can be found that the amplitude of the periodic impact in the time domain caused by the 
crack becomes larger with the crack propagating, which is mainly owing to the weakening effects 
of the tooth lengthening caused by the body crack on the TVMS increase with the crack 
propagation. In the frequency domain, with the body crack propagating, the MASF near 2fm goes 
up, while the amplitude of 2fm gradually reduces, which indicates that the increase of crack depth 
will lead to the rising of the sideband amplitude but reduce the amplitude of primary response 
meshing frequency.  
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Fig. 23 Time and frequency domain spectra under different body crack depths (ν = 15o, Tp = 100 N, Cn = 0.8 and 

Ln = 0.6): (a) q = 1 mm, (b) q = 2 mm, (c) q = 3 mm, (d) q = 4 mm  

The effects of crack propagation on the spectrum characteristic parameters of the body and 
tooth cracked gears are presented in Fig. 24. It can be found that with the crack growth, the 
amplitude of 2fm of both the body and tooth cracked gear tends to decrease, except in the tooth 
crack case q = 4 mm there is a sudden increase, which is because that the tooth crack with depth 4 
mm almost broke the gear tooth. From Fig. 24 we can also see that the MASF, SASF and RMASF 
and RSASF of both the body and tooth crack cases increase with the crack depth extending, but the 
amplitude of these parameters in the case of tooth crack is significantly greater than that of body 
crack under the same crack depth, especially in the large crack. The peak position of the sideband 
is consistently maintained at position 2fm-5fr, indicating that the crack angle and depth only affect 
the amplitude of the sideband but have no effect on the peak position of the sideband.  
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Fig. 24 Effects of crack propagation on frequency spectrum characteristics of cracked gear under different crack 

types (Tp = 100 N, Cn = 0.8 and Ln = 0.6): (a) body crack (ν = 15o), (b) tooth crack (ν = 75o) 

In this study, some well-behaved time domain statistical indicators, such as root mean square 
(RMS) [6, 26-27, 45-47], kurtosis [6, 26-27, 45, 48-49], crest factor (CF) [6, 26-27, 46-47], Peak 
[46-47], Sr [45], Sa [45], M6A [6, 46] and M8A [6, 46] are adopted to evaluate the crack 
propagation status.  

Fig. 25 shows the performance of the adopted time-domain statistical indicators of tooth and 
body cracked gear under different crack propagation depths. In Fig. 25, the ordinate is the ratio of 
the statistical index at different crack depths to that of the healthy case. It can be clearly seen in 
Fig. 25 (a1) and (b1) that with the crack propagation, the Peak, M8A, CF, M6A and Kurtosis all 
increase in the body and tooth crack cases and their amplitudes in tooth crack case is larger than 
that of the body crack case under the same crack depth. The Peak value shows more sensitivity 
and robustness to the crack propagation under the two types of crack cases. There is a sharp 
change in the indicators under the case of tooth crack when the crack becomes larger (q = 3.5 mm 
and 4 mm), which is because the large tooth crack reduced the TVMS sharply, then leading to the 
intensification of gear vibration impact.  

By comparing Fig. 25 (a2) with (b2), it can be found that with the crack depth increasing, the 
RMS of both the body and tooth crack cases decrease first and then increase, and the Sr of the two 
crack cases increase first and then decrease. The variation trend of Sr is consistent with that of Sa, 
although the decline stage of Sa is not shown in the case of body crack. In general, with the crack 
propagation, the RMS, Sr and Sa are not much sensitive to the body crack but only to larger tooth 
crack depths, such as cases q = 3.5 mm and 4 mm in Fig. 25 (b2). This phenomenon indicates that 
the depth of the crack may have reached a large level and the tooth breaking may occur soon when 
RMS, Sr and Sa change sharply. 

In summary, the indicator Peak is recommended to be used first for the selection of statistical 
indicators to evaluate the status of both the tooth and body crack propagation, due to its maximum 
sensitivity in both smaller and larger cracks under two types of cracks. The M8A, M6A and CF 
with relatively good performance are recommended in the second place. Compared with the body 
crack, the statistical indicators of tooth crack are prone to abrupt change under the condition of the 
large crack, especially for the indicators M8A and M6A. This abrupt change characteristic may 
also be used to evaluate the crack types or the crack angles. 

(b2)(b1) (b3)

-5fr
-5fr

-5fr -5fr
-5fr
-5fr

-5fr

-5fr



 

 

Fig. 25 Performance of time-domain statistical indicators for different crack types : (Tp = 100 N, Cn = 0.8 and Ln = 

0.6): (a) body crack (ν = 15o), (b) tooth crack (ν = 75o) 

7 Conclusions 

To solve the problem that the traditional analytical TVMS calculation models and dynamic 
simulations are not applicable to the gear body crack fault case, a new analytical TVMS 
calculation model of cracked gear with TR is developed based on the proposed VADEI method. 
Then, the validating study for the effectiveness and accuracy of the proposed TVMS calculation 
model using the FE method is carried out. On this basis, a dynamic model of the gear system with 
6-DOF for the analysis of the crack fault vibration characteristics is established. Finally, the 
effects of different TVMS calculation models, parameters of TR, load and crack on the TVMS 
excitation and dynamic characteristics of the gear system are investigated and discussed. Through 
this study, some conclusions can be drawn as follows: 

(1) The calculation results obtained from the FE models agree well with the proposed TVMS 
calculation model in both the tooth and body crack cases, which indicates the effectiveness, 
universality and accuracy of the proposed model, as well as the correctness of the proposed 
VADEI method.  

(2) The influence of tooth attachment position change caused by the crack angle on the TVMS 
is not obvious when the crack is relatively small, while it will become significant in the larger 
crack case and can not be ignored.  
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(3) The smaller amount and length of TR and the larger load and crack depths are easily 
leading to the corner contact of cracked gear. The corner contact phenomenon is more likely to 
occur in the tooth crack case than in the body crack case under the same crack depth. 

(4) Due to not considering the effects of tooth attachment position change caused by the crack, 
the traditional model will lead to larger TVMS calculation results and smaller vibration responses 
compared with the real situation, this calculation error will be amplified in the case of body crack. 

(5) The TVMS will decrease and the dynamic response will increase with both the tooth and 
body crack propagation. The effects of tooth crack on the TVMS and dynamic responses are more 
significant than that of the body crack under the same crack depth. 

(6) Different parameters of TR and load will lead to the variation of the phase and amplitude 
of the TVMS excitation of cracked gear with tooth errors, which will further result in different 
phase and amplitude modulations caused by the periodic impact of crack fault. This phenomenon 
is mainly reflected in the changes in the amplitude and peak of the sidebands in the frequency 
spectrum of cracked gear. 

(7) The Peak value is recommended first to be used as the time-domain statistical indicator to 
evaluate the status of crack propagation due to its good performance in both the tooth and body 
crack cases. Compared with the body crack, the time- and frequency-domain statistical indicators 
( such as M8A, M6A, SASF, etc.) for tooth crack are prone to abrupt change under the large crack 
case, which may be used to evaluate or identify the crack types or crack angles. 

It should be pointed out that in our study, only the tooth errors caused by the TR are 
considered, and the influences of other types of errors, such as manufacturing errors (tooth pitch 
errors, random tooth profile errors and eccentricity errors, etc.) and installation errors on the 
internal excitation and vibration of gears need further study. In addition, the proposed TVMS 
calculation model in this paper can be further extended and applied. For example, the effects of 
the extended tooth contact [50-51] caused by a heavy load, the coupling deformation of fillet 
foundation between meshing teeth [19, 52-53] and the nonlinear Hertz contact characteristic 
between meshing pairs [54-55] on TVMS excitation deserve further consideration to improve the 
proposed model. Moreover, some fault vibration characteristics or diagnostic indicators obtained 
based on the theoretical simulation models in this paper will inevitably have a certain deviation 
from the actual situation. How to use some FE dynamic models [10, 56] or test means to verify 
and correct the proposed simulation models is worth further research in the later stage.  
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