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Abstract: To reveal the coupling relationship between the time-varying mesh stiffness (TVMS) and the
load distribution along the tooth width direction (TWD) of gears with early-stage crack (ESC), a double-
layer iterative analytical model for the TVMS and load distributions of gears is proposed considering the
effects of the non-uniformly distributed load (NDL) along TWD caused by the ESC. In the proposed
model, an analytical model of tooth torsional deformation and a parallel slice stiffness model of the tooth
pair with ESC are separately developed based on the slicing method. On this basis, a double-layer
iterative calculation method for the TVMS and load distributions is proposed, in which the coupling
relationships between the slice stiffness and load distribution along TWD as well as the TVMS and load
distribution between the meshing tooth pairs are respectively presented with the inner- and outer- layer
iterations. Finite element (FE) models are established to verify the proposed double-layer iterative model.
The effects of crack parameters and applied torque on the tooth torsional deformation, TVMS, and load
distributions of the gear with ESC are finally investigated based on the proposed model. The results show
that the proposed model can realize the accurate and fast decoupling calculation of the TVMS and load
distributions of gears with ESC. This study can provide a basis for the establishment of the refined ESC
fault diagnosis method and the rapid evaluation of the load distributions of gears with asymmetric errors
or faults along TWD.
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Nomenclature

subscript i rSeuS?)secCrtllgte lzy— 1, 2, 3 represents Zone [ (i = 1), I (i = 2) or Ill (i = 3),
subscript j Subscript j denotes the jth slice along TWD

subscript 4 Subscript A refers to the health (4 = &) or crack (4 =)
subscript Subscript ¥ means the xth meshing tooth pair

a Meshing force angle

o Half of the central angle corresponding to the base circle
A The area of the micro-section dx; of the tooth slice

d; The horizontal distance of the micro-section dl;

E The Elasticity modulus of gears

Ey The backlash of the xth meshing tooth pair

Er The loaded static transmission error of gears

F Meshing force

F, Meshing force of healthy (1 = /) /cracked (1 = ¢) tooth pair
Fy Meshing force of the xth meshing tooth pair

Fs Meshing force vector of slices

Fy Meshing force of the jth slice
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Axial compression and shear forces decomposed by meshing force F/Fy;
Shear modulus of gears
Half tooth height at the meshing point position

The effective moment arm of F;

The vertical distance between the intersections of the addendum circle and
tooth profile and the tooth centerline

The length of the effective micro-section dx; of the cracked tooth
Height of dead zone shown in Fig. 6
Area of inertia of the micro-section dx; of the slice

The polar moment of inertia of the healthy (1 = &) /cracked (4 = ¢) tooth

Stiffness of bending/shear/axial compression/fillet foundation of the jth
slice

Coupling stiffness between the jth and (j+1)th slices
Contact stiffness

Torsional stiffness of the jth slice of the healthy (1 = /) /cracked (1 = ¢) tooth

Stiffness of the jth slice of the healthy (4 = /) /cracked (4 = ¢) tooth in the
tooth pair with ESC

TVMS of slice pairs of the healthy tooth pair
TVMS of slice pairs of the tooth pair with ESC
TVMS of the tooth pair with ESC

TVMS of the healthy tooth pair

TVMS of the gear with ESC

TVMS of the gear obtained by the FE model

Stiffness matrix of slices considering slice coupling effect

Stiffness matrix of slices of cracked/healthy tooth considering slice
coupling effect

Contact stiffness matrix of meshing slice pair
Stiffness vector of meshing slice pair considering slice coupling effect
The effective moment arm of F;; on the micro-section dx;

Load sharing factor between tooth pairs/along TWD

LSF, of the xkth meshing tooth pait/LSF,, of the jth slice paitr/LSF, of the jth
slice pair obtained by the FE model

Modulus of gear

Number of slices

Maximum depth of ESC

The crack depth corresponding to the position z;along TWD

The deformation of the xth tooth pair under unit force

Radius of addendum/base/dedendum circles

Total stress distribution area of the jth tooth slice region

The backlash of the tooth pairs mesh in advance or mesh out in delay
Applied torque on the driving gear

Tooth torsional moment of the healthy (1 = /) /cracked (1 = ¢) tooth
Deformation energy of bending/shear/axial compression of the jth slice

Width of the tooth/slice




W. Crack length along TWD

Xi Tooth profile position of the effective micro-section dx;

Az/Ay ;l;lh;ioffzet distance of O, related to the Y and Z axes in the coordinate YOoZ

Zr The'g(.]uivalent moment arm of the tooth load around the section center O;
in Fig. 6

s Decomposition angle of mesh force in Zone /1

0/0; Total deformation of the tooth pair/jth slice

S0 Torsional deformation of the jth slice of the healthy (1 = %) /cracked (1 = ¢)
tooth

Ot Deformation vector of slices

0 Position angle of the effective micro-section dx3

Or Half of the tooth angle corresponding to the dedendum circle

A6y Torsional deformation angle of the gear body under torque 7,
Torsional deformation angle of loaded tooth cross-section of the healthy (4

07 = h) /cracked (1 = c¢) tooth

v Crack angle

y Attachment angle of the cantilever beam of the cracked tooth

gj Total stress of the jth tooth slice region

Abbreviations

TVMS Time-varying mesh stiffness

FE Finite element

NDL Non-uniformly distributed load

TWD Tooth width direction

ESC Early-stage crack

ETC Extended tooth contact

1. Introduction

Gear is one of the key components of the gear transmission system, which is widely used in various
equipment in daily life [1, 2]. Due to the periodic load excitation on the tooth surface or the gear overload,
the gear tooth is prone to crack. With the ESC propagation, the tooth or the body (rim) of gears will be
broken, finally leading to catastrophic accidents [3, 4]. Therefore, it is of great academic and engineering
value to study and establish the fault diagnosis method and the rapid evaluation of the load distribution
of the gears with ESC fault.

The generation of cracks will change the internal excitation characteristics of gears and affect the
gear vibration characteristics. Establishing an accurate analytical model of the internal excitation of
cracked gear has become one of the most popular topics for studying the vibration characteristics of crack
faults [5, 7]. The early analytical models of the internal excitation of cracked gear mainly focused on the
through-crack style, that is, the crack is assumed to run through the whole tooth width and the depth is
equal along the TWD. According to the propagation path direction, through-cracks can be divided into
two types: tooth cracks and body cracks [8, 9], which are displayed in Fig. 1. At present, the internal
excitation modelling of tooth crack cases has been extensively studied compared to the body crack [10].
The existing tooth crack models all assume that the crack will reduce the tooth attachment area on the
gear body [11] and the effective load-bearing tooth thickness [12], and then lead to the decline of the



TVMS excitation. Therefore, previous studies [13-18] mainly focused on the influence of changes in the
tooth attachment area and the effective load-bearing tooth thickness caused by different crack parameters
(crack depths, angles and shapes etc.) and different types of limiting lines (horizontal lines, oblique lines
and parabolas etc.) of the load-bearing tooth thickness on the TVMS. For the body cracked gear, Zhou
[19] proposed a semi-planar cantilever beam model to study the influence of body crack growth on the
TVMS excitation, but this model will overestimate the TVMS since it does not meet the ideal cantilever
beam hypothesis [20]. Yang et al. [21-22] believed that the propagation of the body crack would cause
changes in both the area and angle of the tooth cantilever beam attached to the body foundation. By

redefining a new cantilever beam model of the cracked tooth, they investigated the effects of the crack

parameters on the fillet foundation stiffness and TVMS of the cracked gear.

Fig. 1. Crack propagation paths [8-9]: (a) tooth crack, (b) body crack.

Due to shaft misalignment, tooth material defects and other factors, the early-stage cracks usually do
not run through the whole tooth width but are non-uniformly distributed along the TWD [23]. In 2011,
Chen and Shao [24] assumed the crack as a parabolic shape along the TWD and then proposed the so-
called "slicing method" based on the integral idea to calculate the TVMS of gears with ESC. Later, the
model in Ref. [24] was widely used to calculate the internal excitation of gears with ESC and was also
continuously improved by many scholars. For example, Mohammed [13] and Chen et al. [14] used the
slicing method to study the influences of the limiting line type of the effective tooth-bearing thickness
on the TVMS of the gears with ESC. Mohammed [25] studied the effect of the initial crack propagation
on gear TVMS based on the slicing method. Yang et al. [26] established a TVMS analytical model of the
gear with ESC by using the slicing method and studied the effects of crack propagation on the TVMS
considering the clearance nonlinearity. The slicing method provides an effective and convenient means
for the TVMS calculation modelling of gears with non-uniformly distributed stiffness along TWD and
has been widely used by scholars in other areas, such as the TVMS modelling of gears with installation
or machining errors [27, 28], spalling [29] and wear [30] faults and so on. However, due to the non-
uniformly distributed tooth stiffness along the TWD of the gears with ESC, the load distributions along
TWD also show non-uniform characteristics, which will inevitably cause additional torsional
deformation of the tooth pair with ESC, and then affect the TVMS excitation. While in the traditional
TVMS calculation models [13,14, 23-26] of gears with ESC, the tooth torsional deformation caused by
the NDL along TWD is ignored. In addition, the existing formulas in [31, 32] for calculating the tooth
torsional deformation are all based on the energy method and can only calculate the equivalent
deformation of the whole tooth under the assumption of a specific load distribution, which will inevitably

cause calculation errors and can not obtain the actual tooth torsional deformation of specific positions



along TWD. The accurate analytical models of the tooth torsional deformation for calculating the specific
positions along TWD are rarely founded and discussed in the existing modelling studies.

In the traditional TVMS analytical model of gears with ESC fault, the contact stiffness of the tooth
pair is calculated by the linear Hertz contact theory. However, most studies have shown that the contact
deformation and contact force between tooth pairs have a nonlinear relationship, and the contact stiffness
is closely related to the contact force [32-34]. Hence, the NDL along TWD aroused by the ESC will
inevitably change the contact characteristics along TWD of the tooth pairs with ESC and result in the
deviation in TVMS excitation, while this influence is also not considered in the traditional models. In
addition, the nonlinearity of the contact stiffness will lead to the coupling relationship between TVMS
and load distribution, and thus the TVMS and load distribution need to be calculated in an iterative way
[32-34]. However, the existing TVMS calculation models [32-34] based on the nonlinear Hertzian
contact theory only pay attention to the iterative relationship between the TVMS and the load distribution
of the meshing tooth pairs, but can not reveal the coupling relationship between the TVMS and the NDL
along TWD caused by the asymmetric tooth errors or faults.

From the above review, the traditional TVMS analytical models of gear with ESC ignore the effects
of tooth torsional deformation and the nonlinear contact characteristic changes caused by the NDL along
TWD, and the analytical models of tooth torsional deformation and load distribution along TWD of the
gears with ESC are seldom investigated and discussed. In addition, the iterative relationship between the
TVMS and the load distribution between the meshing tooth pairs is well clarified by the existing TVMS
calculation models based on the nonlinear Hertzian contact theory, but the iterative relationship between
the TVMS and the load distribution along TWD is rarely studied and still unclear. Therefore, we will
present our study in the following aspects of TVMS and load distribution modelling, which form the
main contributions of the study:

(1) An analytical model of the tooth torsional deformation is proposed based on the slicing method.
This model can calculate the tooth torsional deformation at any position along TWD of gears with
asymmetric load distribution along TWD, which is not possible with the existing formulas in [31, 32] for
calculating the tooth torsional deformation.

(2) Based on (1), a parallel slice stiffness model of the tooth pair with ESC is developed considering
the tooth torsional deformation and the nonlinear contact characteristic changes as well as the slice
coupling effect caused by the NDL along TWD. This model can express the coupling relationship
between the stiffness and the load at each slice position along TWD, while the traditional models [13,14,
23-26] can not achieve this expression.

(3) Based on (2), a double-layer iterative calculation method for the TVMS and load distributions of
the gear with ESC is proposed, in which the relationships between the slice stiffness and load along TWD
as well as the TVMS and load distribution between the meshing tooth pairs are both considered. The
proposed iterative calculation method can realize the accurate and fast decoupling calculation of the
TVMS and the load distribution along the TWD, which cannot be done by the existing TVMS iterative
calculation methods [32-34].

Based on the proposed two models in (1) and (2) and one method in (3), the double-layer iterative
analytical model for calculating the TVMS and load distributions of the gear with ESC is finally formed.
Based on the proposed double-layer iterative analytical model, the ESC parameters and applied torque
on the torsional deformation, TVMS, and load distributions of the gear with ESC are investigated and
discussed in this paper.

The rest of the paper is arranged as follows: The problem to be addressed in the paper is described in



Section 2. The proposed double-layer iterative analytical model of TVMS and load distributions of the
gear with ESC is presented in Section 3. The FE models for verifying the proposed analytical model are
introduced in Section 4. The calculated results based on the proposed models are analyzed and discussed

in Section 5. In the end, some main conclusions are summarized in Section 6.

2. Problem formulation

To clearly present the problem to be solved in this paper, the schematic diagrams of the load
distribution and its coupling relationship with TVMS of the gear with ESC fault are displayed in Fig. 2,
where, Fig. 2 (a) shows the schematic diagram of the load distribution between the healthy tooth pair and
the tooth pair with ESC fault, Fig. 2 (b) displays the schematic diagram of the load distribution along
TWD of the tooth with ESC, and Fig. 2 (¢) presents the coupling relationship between the TVMS and
load distributions of the gear with ESC fault.
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Fig. 2. Schematic diagram of load distribution and its coupling relationship with TVMS of gears with ESC fault: (a)
load distribution between meshing tooth pairs, (b) load distribution along TWD, (c) coupling relationship between
TVMS and load distributions.

In Fig. 2 (a), F and F, separately represent the total mesh forces of the healthy and cracked tooth
pairs, the cracked and healthy tooth pairs jointly bear the total meshing force F in the double-tooth
meshing zones and their bearing capacities mainly depend on their mesh stiffness. It can be observed in
Fig. 2 (b) that the ESC generally does not run through the whole tooth width, but distributes non-
uniformly along the TWD, which will lead to uneven distribution of the tooth stiffness and load along
TWD. The non-uniform distribution of the load Fy; along TWD will generate additional tooth torsional
torque 77 and will force the gear tooth to twist and result in different tooth torsional deformation at each
contact position along TWD. In addition, the contact stiffness of the tooth pair is closely related to the
meshing force [32-34], thus the NDL Fj; along TWD will also lead to the uneven tooth contact
deformations along TWD. The above two changes caused by the NDL along TWD will inevitably
influence the TVMS of the tooth pair with ESC, while this influence is usually ignored in the traditional
TVMS analytical models [13,14, 23-26] of gears with ESC, which is bound to cause the calculation error
when using the traditional models. In addition, the analytical model that can calculate the tooth torsional
deformation at each slice position along TWD is rarely found in the existing studies and need to be further
developed.

As presented in Fig. 2 (c), the tooth torsional stiffness and contact stiffness of the tooth pairs with
ESC are both related to the load F; along TWD and in turn, they also affect the load distribution along
TWD. Thus there is a coupling relationship between the TVMS and the NDL along TWD in the gears
with ESC, and its TVMS and load distributions need to be decoupled iteratively. While the existing



TVMS and load distribution calculation models [32-34] based on the nonlinear Hertzian contact theory
only pay attention to the iterative relationship between the TVMS and the load distribution between the
meshing tooth pairs, but can not reflect the coupling relationship between the TVMS and the NDL along
TWD. Thus, in the TVMS and load distribution modelling of the gear with ESC, the coupling
relationships between the slice stiffness and load distribution along TWD (inner-layer iteration) as well
as the TVMS and load distribution between the meshing tooth pairs (outer-layer iteration) should both
be considered.

Therefore, the objective of this study is to establish a double-layer iterative analytical model of
TVMS and load distributions of the gear with ESC fault considering the effects of NDL along TWD.
Then to clarify the coupling relationship between TVMS and load distributions along TWD and study
the influence of the ESC parameters and applied load on the tooth torsional deformation, load
distributions, and TVMS excitation of the gears with ESC fault.

3. Proposed double-layer iterative analytical model for TVMS and

load distributions of gear with ESC fault

As displayed in Fig. 2 (b), the tooth pair with ESC has different load distribution characteristics along
TWD compared to the healthy tooth pair, causing its TVMS calculation modelling is also different from
the healthy one. Therefore, the TVMS analytical modelling of the tooth pairs with ESC is firstly carried
out in Section 3.1, in which the tooth torsional deformation model and the parallel slice stiffness model
of the tooth pair with ESC are separately developed and presented; Then, the TVMS analytical models
of the healthy tooth pair is also briefly presented in Section 3.2; On this basis, the TVMS and load
distribution expressions of gears with ESC is finally developed in Section 3.3. In the end, the proposed

double-layer iterative method is described in Section 3.4.
3.1 TVMS modelling of tooth pair with ESC using the slicing method
Establishing the analytical TVMS model of the tooth pair with ESC fault is a key content for the

proposed double-layer iterative model, which can help us understand the coupling relationship between
the stiffness and load along TWD of the tooth pair with ESC. Therefore, the TVMS modelling of the

tooth pair with ESC fault is carried out in this section.
3.1.1 Proposed parallel slice stiffness model of tooth pair with ESC

The physical model of the tooth pair with the ESC based on the slicing method is presented in Fig. 3.

As Fig. 3 shows, this paper assumes that the crack is distributed as a parabolic shape along TWD, the

maximum depth value of the crack is ¢o, and the maximum distribution length of the crack along the

TWD is W.. In Fig. 3 (d), the relationship between the crack depth ¢g(z) and the tooth direction position
z; of the cracked slice can be expressed as,

We—z;,-W/2

/4

c

Here, go denotes the maximum depth of ESC, 7, means the length of the ESC, ¥ is the tooth width.

q(z)=1q, (1)
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Fig. 3. Diagram of tooth pair with ESC fault: (a) cracked tooth pair in meshing, (b) load distribution of cracked
tooth, (c) cracked slice, (d) crack shape.

To establish the coupling relationship between the slice stiffness and the load distribution along TWD,
a parallel slice stiffness model of the tooth with ESC is developed and shown in Fig. 4, which is mainly
divided into two kinds of slices: the cracked slices and the healthy slices. Different from the tooth in the
healthy tooth pair, the load Fi; along TWD of the tooth with ESC would lead to additional torsional
deformation. Therefore, to represent the torsional deformation of each slice under the action of load Fy;,
the torsional stiffness is added to the proposed parallel slice stiffness of the tooth with ESC, which is
represented by ke, or ky, in Fig. 4. In addition, due to the uniform distribution of stiffness and load along
TWD, the deformations of the tooth slices along TWD are not equal to each other, which will cause the
coupling force between the adjacent tooth slices [28, 35]. While the slice coupling effect is usually
ignored in the traditional models [13,14, 23-26]. Therefore, in the proposed parallel slice stiffness model,
the slice coupling stiffness is also added to simulate the coupling effects between slices, which is

represented by the red spring ke(-1y in Fig. 4.
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Fig. 4. Parallel slice stiffness model of the tooth with ESC.

The proposed parallel slice stiffness model of the single tooth pair with ESC before and after
deformation is presented in Fig. 5, in which the total deformation of the cracked tooth pair is presented
with the symbol 4. In this model, the deformations of each slice of the tooth pair with ESC and the contact
deformation between meshing slice pairs are not equal due to the non-uniformity of sliced tooth stiffness
and load distribution as well as the coupling effect between tooth slices. From Fig. 5 we can see that the

slice-type compositions of the cracked and healthy teeth of the tooth pair with ESC are different, that is,



the healthy tooth is all composed of healthy slices, while the cracked tooth consists of two kinds of slices:
the cracked slices and the healthy slices. Hence, the slice stiffness expressions of the cracked and healthy
tooth in the tooth pair with ESC is different from each other and need to be respectively derived out.

The establishment process of the analytical TVMS expression for the proposed parallel slice stiffness
model of the single tooth pair with ESC is given in the following sections, where, the modelling of the
slice torsional deformation of the cracked and healthy teeth is firstly conducted in Section 3.1.2. On this
basis, the slice stiffness expressions of the cracked and healthy teeth of the tooth pair with ESC are
derived separately in Sections 3.1.3 and 3.1.4. Finally, the analytical TVMS expression for the proposed
parallel slice stiffness model of the single tooth pair with ESC is developed and presented in Section
3.1.5.
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Fig. 5. Proposed parallel slice stiffness model of tooth pair with ESC: (a) before deformation, (b) after

deformation.
3.1.2 Analytical model of tooth torsional deformation

From Section 3.1.1 we can know that obtaining the tooth torsional stiffness of each slice along TWD
is the first prerequisite for establishing the analytical TVMS expression of the proposed parallel slice
stiffness model. Since the existing formulas in [31, 32] for the tooth torsional deformation can not obtain
the actual tooth torsional deformation of specific positions along TWD and are unable to be used directly
in the proposed parallel slice stiffness model, a new analytical model of the tooth torsional deformation
is developed in this section.

The physical models for calculating the slice torsional deformation of the tooth with ESC are displayed
in Fig. 6. As Fig. 6 (a) shows, due to the existence of the crack, the effective deformation zone of the
cracked tooth will change. Scholars usually use the limiting line to calibrate the effective deformation
zone of cracked teeth, that is, the tooth dead zone shown in Fig. 6 (a) does not participate in the
deformation [31], only the shaded Zones /, I/ and /] will be deformed. A-A and B-B refer to the
cross sections at the tooth profile position x; and the meshing point, respectively. F. is the meshing force
of the cracked tooth, and F, and F) denote the axial compression and shear forces decomposed by
meshing force F.. Fig. 6 (b) shows the torsional deformation diagram of cross-section B-B. In Fig. 6 (b),
rectangle ABCD denotes the actual cross-section B-B of the cracked tooth, and the parabola DEF
represents the dead zone of cross-section B-B considering the influence of the ESC, and its maximum
height is /4. points Oy and O, represent the centroid of the rectangle ABCD and the parabola DEF,
respectively. The coordinate system YoOoZ, refers to a rectangular coordinate system established with Oy
as the origin. Therefore, the actual deformation region of cross-section B-B is the shape ABCEF and its
centroid is O;. The deviation distance of O; from the Yj-axis and Zy-axis of the original coordinate Yo0OoZy
is Az and Ay, respectively. The shaded part represents the jth slice, and its width is A . z; denotes the

Zy-axis coordinate position of the jth slice in the coordinate system. A row of arrows means the NDL



along TWD of the cracked tooth pair, in which the red arrow denotes the shear force Fy; exerted on the
Jjth slice. ;. represents the torsional deformation of the jth slice of the cracked tooth.

Ignoring the bending, compression and other tooth deformations, cross-section B-B will produce an
overall tooth torsional deformation around the center O; under the action of torsional moment Ty, caused
by the NDL along TWD, and the corresponding torsional angle is ¢.. cross-section B-B after torsion is
displayed with the green rectangle 4°’B’C’D’. It can be seen that the direction of torsional deformation
of slices on both sides of centroid O, is opposite, which is determined by the actual torsional angle ¢..
Consistent with other tooth deformations, the proposed model also assumes that the torsional
deformations in the same direction as the load direction are positive, and those in the opposite direction
are negative. Therefore, the torsional stiffness k., and kz; shown in Fig. 4 also have positive and negative
values, where the positive value indicates that the torsional stiffness of the jth slice under the action of

shear force F; will increase the total tooth deformation, while the negative value is the opposite.

L Xi
\Dead zon

Fig. 6. Physical models for calculating slice torsional stiffness of the tooth with ESC: (a) deformation zone of the
cracked tooth, (b) torsional deformation diagram of cross-section B-B, (c) parameters of dead zone D1E1F .
According to the definition of torsional deformation, the tooth torsional deformation angle ¢. under

the action of torsional moment Ty, can be expressed as,

inj.[ _AZF]
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where /,.() denotes the polar moment of inertia of the cracked tooth and is a function of the tooth profile
position x;. Zr and Azr respectively represent the equivalent moment arm of the tooth load around the
section center O; and the offset of the center O; along the Zy-axis in the cross-section B-B.

Then the torsional deformation of the jth slice can be deduced as,

8.y = (2, Azp)-tang, 3)

where the position z; is a function of the slice number j and can be defined as,
(2j-aw-w
Ty

The equivalent torsional stiffness of the jth slice of the cracked tooth can be finally calculated as,

J=12,om “4)

Fy Fy
kj=—F=———"—""— O]
Oy (z;—Azp)tang,

The polar moment of inertia /) in Eq. (2) is derived as follows:



The offset distance Az(x;) and Ay(x;) of the centroid O; of cross-section B-B at the tooth profile

position x; relative to the Yy and Zj axes can be respectively expressed as,

chh xi lW_ch
37927 5 .
Az(x; )= 5 =123

w- hhxi - g Wchqxi

(6)

L Y

3 ctgxi 2 hxi 3 qxi
Ay(x;)= 3 =123
W'hhxi_ngch

()

qxi

Here, the effective height of the tooth cantilever beam in Zone //I can be deduced as,

ds(cot y +tanv)

My = ( ®)

sin @ tanv + cos0)

Fig. 6 (c) shows the calculation parameters of the moment of inertia in the parabolic dead zone of
section A-A. By comparing with Fig. 6 (b), it can be seen that the dead zone DEF changes to DiEF,
when the section position changed from cross-section B-B to section A-A, and its centroid changes from
0 to Os1. The rectangular coordinate system z(O,y is established using the parabolic center O;; as the
origin, and the shaded sections dy and dz respectively represent the micro-segments of the dead zone
D\E\F, along the y and z axis in the rectangular coordinate system zO,;y. Then the height A.

corresponding to the micro-segment dz can be expressed as,

h, = hyg 32 ic123 )
5 W,

where z is the coordinate of micro-segment dz on the z-axis in the coordinate system zO»;y. The maximum
height of the parabola 4, can be calculated as /g =hpi-hexi.

The moment of inertia of the parabolic dead zone D\ EF) related to its z-axis can be derived as,

3 3 ( Swoh,.

—W, 2 —W, 2 3 z c gxi
I, =|5°z"hd, =|5°zh, |-——d, =——— 10
py J‘*éWc z%z .[*%Wc qxi 5 WC z 175 ( )

The moment of inertia of the parabolic dead zone DE\F) relative to the Z;-axis in the coordinate

system Y;01Z; can be given as,

2
2 w2
I, -1, +§hqxiWc{Az(xi)+7—§Wc} (1

Similarly, the width W, corresponding to the micro-segment dy in the coordinate system zO,;y can

W, =w, |22 (12)
8 g

The moment of inertia of the dead zone D EF) related to its y-axis can be deduced as,

be written as,

5 5 3w, -h >
—Nyxi Ny 5 c Xi
L =[55 yWd, =[5 YW, 2= d, == (13)

- 7 - 8 h,; 672
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The moment of inertia of dead zone DE\F related to the Yi-axis can be calculated as,



2
2 By 3
Iz,p :Ipy+§thiVVC(Ay+T_§hqxij (14)

The moment of inertia of rectangle ABCD relative to axis Y; and axis Z; in coordinate system Y07,

can be derived as,

1y = b el i =123 15

z

I, = %hhxfW + hhxiW[Ay(xi )]2,1' =123 (16)

Combined with the above equations, the polar moment of inertia of each effective deformed section
ABCEF relative to the centroid O, in Zones /, [/ and [/ of the cracked tooth can be finally expressed

as,

Ly =Ly +1,,~1., =1, ,,i=12,3 (17)

pxi(c z,p »p?

The healthy tooth meshing with the tooth with ESC will also produce torsional deformation due to
the uneven load distribution. Fig. 7 displays the physical models for calculating the slice torsional
stiffness of the healthy tooth, where d,,; represents the torsional deformation of the jth slice of the healthy
tooth, Tyn and ¢, denote the torsional moment and torsional angle of the healthy tooth, respectively.
Different from the tooth with ESC shown in Fig. 6, the effective deformation zone of the healthy tooth
is only Zones /and //, as Fig. 7 (a) shows. Without the effects of ESC, the centroid of the stressed tooth
section will be the center point O; of the rectangle ABCD presented in Fig. 7 (b). Therefore, the torsional

deformation angle of the healthy tooth can be calculated as,

n n
ZFSJ-ZJ- cosq, ZFszj cosq,
dy j=1 dxi + dy j=1
1

o, =" i S (18)
¢ Glym R €7 S

where the polar moment of inertia /. of the healthy tooth relative to the centroid O3 can be computed

as,

1 3 1 34
I iom=—h W +—h,  W,i=12 19
pxi(h) 12 hxi 12 hxi ( )
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| Y3A The jth Slicc\

Trlh)

Fig. 7. Physical models for calculating slice torsional stiffness of the healthy tooth: (a) deformation zone of
healthy tooth, (b) torsional deformation diagram of cross-section B-B.
Then the equivalent torsional stiffness of the jth slice of the healthy tooth can finally be deduced as,
F, F,

k,=—Y - 9 20
& Oy z;tang, (20)



In Eq. (20), the positive and negative values of the torsional stiffness ky; of the healthy tooth also

depend on the torsional angle ¢;, which is the same as the definition of the tooth with ESC.
3.1.3 Stiffness analytical expression of the slices of the healthy tooth

The physical tooth model of the cantilever beam for calculating the stiffness of the slice in the healthy
tooth is shown in Fig. 8. The model assumes the gear tooth as a variable section cantilever beam fixed
on the dedendum circle, which can be divided into two parts: Zone / and Zone /I. In Fig. 8, Fy; is the
meshing force of the tooth slice, F,; and F}; are the axial compression and shear forces decomposed by
F. Other symbols in Fig. 8 can be found in the Nomenclature of this paper. In this section, the energy
method [12, 36] is adopted to calculate the stiffness of slices of the healthy tooth.

Fig. 8. Physical model of the cantilever beam of healthy slice.
Under the action of slice meshing force Fy, the bending deformation energy Uy, axial compression
deformation energy U, and shear deformation energy Uy, stored in Zone / and Zone /I of the jth sliced

healthy tooth can be respectively expressed as [12, 36],

2 2
d, [Fbj dl xl) Faj'hl] d, [Fbj'(d1+x2)_Fq/'hl]
Upy = —j dx +j dx,
2EI,, 0 2EI,,
F? F,? F,?
Uy = 2= [ + [ =, @1
2k gy 2E4,, 2EA),,
Fy* 4 12F, a, 1.2F,;°
U .= Y = ! J 2—(] lx
W 2k gy k 2G4y, k 2G4,
of which,
Fy =F;cosay, F,; =Fgsina, (22)

By deducing Eq. (21), the stiffness expression of the bending ks, axial compression kg and shear

kg of the sliced healthy tooth can be obtained as,

1 d [(d1 —xl)cos o, —hsing ]2 d, [(a’l + X, )cos o, —hsing ]2
— = dx, _[ dx,
kbh] 0 E]hxl 0 EIth
4, sin? al d, sin> al
= 2
j Ed,, e EA, 23)
_ J.d] 1.2 cos? al J-dz 1.2 cos> al
GAj "

The specific expressions of parameters in the above formulas can be found in Appendix A.
The fillet foundation of the gear tooth will also deform under the action of meshing force, and the

fillet foundation kg, of the jth sliced healthy tooth can be calculated as [37],



2
2
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Therefore, considering the effects of the slice torsional deformation, the total stiffness 4; . of the jth
slice of the healthy tooth can be calculated as,
1 1 1 1 1 1
= + + + +
ki ey ko kg kay kpy o kglFg]
where the symbol [Fy;] is used to emphasize that the slice torsional stiffness is related to the slice load
Fy.

(25)

3.1.4 Stiffness analytical expression of the slices of the tooth with ESC

Fig. 9 shows the physical model of the cantilever beam of the sliced tooth with ESC, where Fig. 9
(a) and (b) display the calculation parameters of the tooth and body deformation zones respectively. In
Refs. [8, 9], there are various crack propagation paths, and the crack propagation direction and initial
position are also different. To reflect the universality of the model presented in this paper, Fig. 9 shows
the special situation that the crack propagates into the gear body and its initial position is on the gear
body, while the other crack path situations, such as tooth cracks, are also included in this model, which
can be referred to Refs. [6, 7, 38].
In Fig. 9 (a) and (b), AQ represents the crack of the slice tooth; v denotes the crack angle; g(z) is the
crack depth shown in Fig. 3 (d), which is related to the slice position z; along TWD. BQ refers to the
attachment position of the cantilever beam of the cracked slice. For the explanations and expressions of

other symbols in Fig. 9 can be specifically seen in Refs. [21, 22], which will not be repeated here.
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Fig. 9. Physical model of the cantilever beam of cracked slice: (a) tooth deformation zone [21], (b) body
deformation zone [22].

As Fig. 9 shows, the shaded parts represent the effective deformation region of Zones / and /I in the
tooth area and Zone /// in the body area, respectively. The previous TVMS analytical models [15, 17]
of cracked gear believe that the crack can only change the effective tooth thickness of Zones 7 and /I and
the attachment area of the tooth beam on the gear body, which has a weakening effect on the gear TVMS.
However, Yang et al. [21, 22] proposed that the crack would change the attachment position of the tooth
cantilever beam, which not only resulted in the reduction of the effective tooth thickness but also
lengthened and tilted the tooth beam. In other words, the deformation of Zone /// in Fig. 9 (b) should
also be taken into account in the total tooth deformation. In addition, the crack will be opening under the
action of meshing force, which will cause the change in the central layer of the effective tooth
deformation zone, leading to the different calculation methods of the bending and compression stiffness

from the traditional model [39]. Therefore, the influence of the crack opening state and the change of



tooth attachment position caused by the crack are both considered in this modelling.
According to the VADEI method proposed in [22], the force decomposition is different when

calculating the stiffness in different tooth beam zones, which can be expressed as,

Fgcosay,i=1,2
F.={" 26
Y Fy cos(ar, +6),i=3 (26)
Therefore, the tooth stiffness of the jth slice can be further written as,
. D .
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e 1 2
kbcj 0 Elcxl 0 EchZ
ds [l cos(oz1 + 0)— hi () sin(oz1 + 0)]2
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For the calculation of the fillet foundation stiffness of cracked teeth, Chen [11] and Yang [21]
proposed two analytical models. Chen's model would produce a large error in the body crack case, while
Yang's model could satisfy the calculation accuracy for both the tooth and body cracked teeth. Therefore,

the calculation formula of fillet foundation stiffness in [21] is adopted in this modelling,

N2 '
2
L _eostlan ) e A L B (0 an®(e + 1) (28)
k1, EAW Sy Sy

The analytical expressions of parameters s and u/in Eq. (28) can be seen in Appendix B, and other
parameters can be found in Ref. [37].
As the tooth with ESC includes healthy and cracked slices, the total stiffness 4; . of the jth slice in
the tooth with ESC can be finally deduced as,

Lt .1, ifz, e[, —w 2, w2
1 _ ki kg kay kg kgilFy] (29)
kg | Lo Ly Lo Lo L el clwiaw w2

kbcj kscj kucj k fej kl‘cj [F sj]

3.1.5 TVMS and load distribution expressions of tooth pair with ESC considering slice coupling
effect

As shown in Fig. 4, the coupling stiffness k;+1) is adopted in the proposed parallel slice stiffness
model to simulate the coupling effect between slices. The calculation of the coupling stiffness can be
defined as [28],

ky + k) ((m Y
k() = Cem——"\ (30)
of which, k; and k1) respectively represent the total stiffness of two adjacent slices. m refers to the gear
modulus, and C. denotes the slice coupling coefficient.

The slice stiffness model established in Ref. [28] only considers the tooth part, not including the gear
body part, while the model proposed in this paper includes both the tooth and body parts. Hence, the

coupling stiffness between slices should be significantly greater than the value in [28]. Therefore, C.=750



is adopted in this study.
Considering the slice coupling effect, the load on the slices along TWD can be expressed as [28, 35],

knu +kaz (84 =8,2)=Fy
— k2 (6 =612 )+ k28 + ka3 (6, = 83) = Fi
— k23812 =83 )+ k303 +kesy (83— 814) = Fis

€2y
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- kc(n—])n (5t(n—1) - §tn )+ ktnétn = F;'n
Transform Eq. (31) into matrix form, we can get,
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(32)

where Kc represents the slice stiffness matrix, 8¢ means the total deformation vector of the slices, and Fs
refers to the meshing force vector of the slices. Jj; is the deformation of the jth slice, and k; denotes the

stiffness of jth slice of the healthy or cracked tooth, which can be expressed as,

k,

k

k; on»if the toothis healthy
=9 33
if the toothis cracked @3

t_ecj>

Here, k; enjand k; ocjcan be calculated by Eqs. (25) and (29) respectively. It can be found that & is coupled
with the force Fy;, and its value is closely related to the magnitude of the force Fj;.
Then the total TVMS vector Kip of the sliced tooth pairs along TWD can be obtained,

-1 -1 -1t
K =Z[KCP +Ken +Kee T :[Ktpl, Koo, s Kipnot), Kipn (34)

where Kcr and Kcg respectively denote the slice stiffness matrix of cracked and healthy teeth considering
the slice coupling effect, which can be obtained through Eq. (32). K,,; means the mesh stiffness of the jth
slice pair of the tooth pair with ESC. Kcn denotes the contact stiffness matrix of sliced tooth pairs, which

can be deduced as,
Kcu = dmg(khl (£ L kpo [FsZ]f'”ﬂkh(nfl) [Fs(nfl)Lkhn [an]) (35)

In Eq. (35), ki represents the nonlinear Hertz contact stiffness of the jth tooth pair, and the symbol
[Fy] is used to emphasize that the contact stiffness is related to the load F;. The expression of nonlinear

Hertz contact stiffness of the jth meshing slice pair can be calculated as [40],

EO'QAWO'SFSJ-O']

hylFyl=—=773

(36)

The total TVMS Kec-singte of the single tooth pair with ESC considering the slice coupling effect can
be finally obtained as,

Kec_.vingle = ZKtp (37)



The load sharing factor LSF},; of the jth slice pair can be finally given out,

LSij = Klpj /Kec_single (38)
And the load of the jth meshing slice pair can be expressed as,
Fy=F,-LSF,, (39)

3.2 TVMS modelling of the healthy tooth pair using the slicing method

The TVMS analytical model of healthy tooth pairs based on the slicing method is consistent with the
traditional models because the load along TWD is uniformly distributed in the healthy tooth pairs.
However, to highlight the difference of TVMS analytical models of the tooth pairs with ESC under the
influence of NDL along TWD as well as to facilitate the later description of the iterative relationship of
the load and TVMS between the healthy and cracked tooth pairs, the TVMS analytical model of the
healthy tooth pairs is also established and briefly described in this section.

The physical model of the healthy tooth pair based on the slicing method is presented in Fig. 10.
Excluding the influence of the edge stress concentration effect [41], the load and stiffness of each healthy
slice tooth pair along TWD should be the same, as Fig. 10 (b) shows. Thus, there is no tooth torsional

deformation and no coupling effect between the slices of the healthy tooth pair.
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Fig. 10. Diagram of healthy tooth pair: (a) healthy tooth pair in meshing, (b) load distribution of healthy tooth, (c)
healthy slice.

The parallel slice stiffness model of the tooth in the healthy tooth pair is displayed in Fig. 11.
Compared to the model shown in Fig. 4, it can be found that there is no torsional deformation and no
slice coupling effect in the tooth of healthy tooth pair, and its slice stiffness includes the bending stiffness
kppj, shear stiffness kg, axial compression stiffness k. and fillet foundation stiffness kj,. Hence, the
stiffness of the slices of the healthy tooth can be expressed as,

1 1 1 1 1

— e —— (40)
ke o ke gy




|

Kb ke 9% ke o o o Kph(n-1y, kepn
:kahl kean ka3 kean oo kah(n—l) kah(n
L ko k3 kima -+« kpney Kpnin

|
|
|
|
|
'k k k k k ke |
| sl sh sh3. sh4. e o Rgh(n-1) sh(n |
|
|
|
|
|
|
A |
LLLLLLLTLLLSLLLS L LLSL L LS LLL S LLL S LLLILL LS L LLL LS

Fig. 11. Parallel slice stiffness model of the tooth in the healthy tooth pair.

The parallel slice stiffness model of the healthy tooth pair before and after deformation is also
presented in Fig. 12. Due to the same stiffness and bearing load of each sliced tooth pair, the deformation
of each slice is equal after the total displacement J of the healthy tooth pair occurs. Thus, the TVMS of
the jth healthy slice pair can be given as,

1 1 1 1

= + + 40
ki wiip)  FwlFyl K

k t_hj(g)

Here, subscripts (p) and (g) represent the driving and driven teeth of the healthy tooth pair,

p_hj

respectively.
Finally, the total TVMS Kj.singie Of the single healthy tooth pair of the gear with ESC fault can be

deduced as,

Kltsingle = zktp hj (42)
J=1
"y - T T T T T TTT T T T T T T T T T TS T T T T T T T T T T T T T T T (St
1(a)
: Fc]* FsZ* Fs}* Fsé& Fs(n—l# Fs(n*
I
: ki ki mp) ki m3p) kimap)| - knene| Korene)
I
| Healthy Fs(n—l
: tooth ktih(”_l)(p
I
I ki ki ki3 kg oo Ky Knn Healthy
(= TR~ T~ = = = S s HON s F: E T tooth  ~
! Healthy K1
| tooth ~Tealthy
Ve ke knee ke koiene Reie-n@ ‘0‘}{“‘
I * Rt h(n-1)(g)
I

Fig. 12. Parallel slice stiffness model of healthy tooth pair: (a) before deformation, (b) after deformation.

3.3 TVMS and load distribution expressions of gear with ESC

After obtaining the analytical TVMS expressions of the tooth pair with ESC in Section 3.1 and the
healthy tooth pair in Section 3.2, the expressions of the TVMS and load distribution of the gear with ESC
considering ETC are developed in this section.

The flexibility of gear teeth under load in the meshing process will cause the ETC phenomenon to
happen [42, 43], and then change the stiffness excitation characteristics of gears. In this paper, the effects
of the ETC is also considered in the modelling for TVMS and load distributions of the gear with ESC.
The TVMS of the gear with ESC considering the ETC can be expressed as,

K, = £ (43)
Ep
Here, Er refers to the loaded static transmission error of the gear. The ETC phenomenon usually

occurs in the theoretical single-tooth engagement zone due to the larger meshing deformation of the



single meshing tooth pair. When the ETC phenomenon occurs, the loaded static transmission error can
be deduced as [43],

A= 19,8, + 0,58, + 00,5 F
010, + 0,05 +010s

A Ep 28, & Ep 2 S, triple - tooth engagement

B— S, + O F

Jf Ep < S, & E 2 S,,double - tooth engagement (44)
0+0,

C= 0,8, + OO F
O +0,

Gf Er 2S5, & E; <, ,double - tooth engagement

For the case with no ETC occurs, the loaded static transmission error can be calculated as,

F o .
% Af Ep <S8, & Ep < S, & Meshing in theoretical double - tooth engagement zone
Ep=<YU+

O, F Af Ep < S, & Ep < S, & Meshing in theoretical single - tooth engagement zone

(45)
where, 4, B and C mean the loaded static transmission error of the gear under three different cases of
ETC shown in Eq. (44), respectively. S, and S, represent the backlash of the tooth pairs mesh in advance
or mesh out in delay, and their derivation can be found in Ref. [43], which will not be repeated here. O
means the deformation of the xth tooth pair under unit force, which is determined by the TVMS of the

tooth pairs of gears with ESC, and can be expressed as,

Ve ! , if the xth tooth pair is the tooth pair with ESC
QK _ ecisingle (46)
——, if the &th tooth pair is healthy
h_single

Considering the effects of the ETC, the load sharing factor LSF,. of the xth tooth pair can be finally
obtained as,
LSF,,, = M (47)
FQ,
where E, represents the backlash of the xth contact tooth pair of the gear with ESC.

Thus, the meshing force of the xth meshing tooth pair can be deduced as,

F, =F-LSF,

tpx

(48)

If the xth meshing tooth pair is the tooth pair with ESC, the total meshing force F. of the tooth pair
with ESC in Eq. (39) can be calculated by Eq. (48). In this case, the load distribution along TWD of the
tooth pair with ESC can be obtained as,

Fy=F-LSF,, -LSF,

px wj

(49)

3.4 Proposed double-layer iterative calculation method

From the above derivation, the expressions of the slice stiffness and load distribution along TWD of
the tooth pairs with ESC as well as the TVMS and load distribution between the meshing tooth pairs
have been respectively established. However, the iterative calculating relationship between these
parameters is still not well presented, which is also an important content of the proposed double-layer

calculation model. Therefore, to reveal this coupling relationship, a double-layer iterative calculation



method for the developed analytical models is proposed in this section, in which the coupling
relationships between the slice stiffness and load along TWD (inner-layer iteration), the TVMS and load
distribution between the meshing tooth pairs (outer-layer iteration) are all considered. The flow chart of

the proposed iterative calculation method is presented in Fig. 13.
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Fig. 13. Flow chart of the proposed double-layer iterative calculation method.

In Fig. 13, the blue dotted boxes with symbols (1) and (2) respectively represent the establishment
process of TVMS modelling of the tooth pair with ESC and the healthy tooth pair, while the red dotted
box with symbol (3) denotes the establishment process of TVMS and load distribution modelling of the
gear with ESC based on (1) and (2). In addition, the corresponding equations and chapters in the
modelling process are also marked respectively in the figure. Since there are no tooth torsional
deformation and slice coupling effects in the healthy tooth pair, only the coupling relationship between
the stiffness and load along TWD of the tooth pair with ESC is focused on in the proposed method, that
is, only the tooth pair with ESC exists inner iterative calculation.

As presented in Fig. 13, when the first iteration calculation is carried out with the meshing position
determined, the initial meshing forces of the tooth pair with ESC and the healthy tooth pair are set as half
of the total meshing force F respectively, and the initial distributed load of the tooth pair with ESC along
TWD is set as 1/n of the meshing force F.. In the inner-layer iteration shown in (1), since the tooth
torsional stiffness and contact stiffness in the proposed parallel stiffness model of the tooth pairs with
ESC are related to the load Fyj, the TVMS K.c.singie and the load sharing factor LSFy,; of the tooth pair



with ESC will change after each iteration. When the iterative error of the load Fy; after Ath inner-layer
iteration is less than the allowable iterative error ¢, the inner-layer iteration will exit and the TVMS K.
single and the load sharing factor LSF,; of the tooth pair with ESC will be obtained. Then, combined with
the TVMS of the healthy tooth pairs calculated in (2), the outer-layer iteration calculation is carried out.
In the outer-layer iteration shown in (3), the load sharing factors LSF,,, between the meshing tooth pairs
will be redistributed, and the TVMS of the meshing tooth pairs will be calculated again under the
redistributed meshing forces. The outer-layer iteration will end until the iterative errors of meshing force
F after ith iteration are less than the allowable value ¢ and the final TVMS K, and load distributions
LSF. of the gear with ESC will finally be obtained. After that, the iterative calculation for the next
position will enter. The TVMS and load distributions of the gear with ESC during the whole meshing

process can be finally obtained by iterative calculation at different meshing positions.

4. FE modelling for verifying the proposed analytical model

To verify the correctness and accuracy of the proposed double-layer iterative model, the FE models
for calculating the TVMS and load distributions of gears with ESC are established, as shown in Fig. 14.
Currently, there are two kinds of FE models widely used in the calculation of gear TVMS: the FE models
with contact force and the FE models with contact element [10]. The FE model with contact force has
certain limitations in considering the contact characteristics between tooth pairs, which does not meet
Saint Venant's Principle. Therefore, to consider more realistic nonlinear contact characteristics between

meshing tooth pairs, the FE models with contact elements are adopted in this study.

Fixed shai
hole surfac

Fig. 14. FE model for calculating the TVMS and load distribution.

As Fig. 14 shows, the ESC is seeded in the driving gear. For the boundary condition setting in the FE
models, the shaft hole of the driven gear is fixed, and the freedom of the shaft hole of the driving gear is
constrained so that it can only rotate along the Z-axis. The torque 7, along the Z-axis is applied to the
shaft hole of the driving gear, and the torsional angle A6y along the Z-axis of the driving gear and the load
distribution along the tooth with ESC are extracted. In FE calculation, the TVMS of gear under torque
T, can be calculated as [44, 45],

K {(FE) = (50)

S
2

The load sharing factor along TWD obtained by the FE model can be expressed as,



.S
LSF, (FE) % S

twj
] i(aj'sj)
J=1

Here, g;and S;represent the total stress and total stress distribution area of the jth tooth slice region,

respectively.

5. Results and discussion

In this section, the gear pair parameters shown in Table 1 are used in the simulation of the proposed
models and FE models. The correctness and accuracy of the proposed analytical model are validated by
the FE results, and the influences of crack parameters and applied torque on the torsional deformation,
TVMS, and load distribution characteristics of the gears with ESC are investigated and discussed. In this
simulation, the slice number is set as n=20.

Table 1 Design parameters of spur gear pair used in the simulation.

Parameter Driving gear Driven gear
Teeth number 30 25

Modulus m (mm) 2 2

Tooth width W (mm) 20 20

Contact ratio 1.63 1.63
Pressure angle (°) 20 20
Poisson's ratio 0.3 0.3

Young modulus E (GPa) 206.8 206.8

5.1 Analysis of verification results

To compare and analyze the differences between TVMS and load distribution calculated by the
proposed model and FE models under different meshing positions, the parameters of three specific
meshing positions are given in Table 2.

Table 2 Parameters of the meshing positions.

Meshing positions Force angle a1 (°) Rotation angle (°)
Position A 10.27 2.94

Position B 17.13 9.80

Position C 23.98 16.65

In this comparison, the parameters of crack and torque are set as follows: go=4 mm, W =8 mm,
v=15°/75° and T,=60 N. The TVMS results calculated by the proposed, traditional and FE models under
tooth crack (v=75°) and body crack (v=15°) cases are respectively compared and presented in Fig. 15. It
can be seen that the traditional models, such as in Refs. [13, 14, 24, 25], will overestimate the TVMS of
the gears with ESC due to ignoring the effects of tooth torsional deformation and the nonlinear contact
characteristic changes caused by the NDL along TWD as well as the slice coupling effects. The TVMS
results calculated by the FE and proposed models are relatively smooth in the alternating region between
the single- and double-tooth engagement zones compared to the results obtained from the traditional
models, which is because the effect of ETC is not considered in the traditional models. By contrast, the
TVMS obtained from the proposed model are in good agreement with the FE results under both the tooth
and body crack cases, which indicates the correctness and accuracy of the proposed double-layer iterative

model.
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To clearly present the TVMS comparison results obtained by the three models, the deviation of the
proposed and traditional models from the FE model under the three meshing positions shown in Table 2
are respectively calculated and presented in Table 3. We can observe that the maximum errors between
the traditional and FE models are respectively up to 8.42% and 7.59% under the body and tooth crack
cases, while the maximum errors between the proposed model and FE model only separately reach 2.12%
and 1.67% under the two crack angle cases, which verifies the correctness and effectiveness of the
proposed double-layer iterative model.

Table 3 TVMS comparison results at three meshing positions.

Position A Position B Position C
Crack
ar:;lce . Models TVMS Error TVMS Error TVMS Error
(X108 N/m) (%) (X108 N/m) (%) (X108 N/m) (%)
FE model 3.455 - 1.706 - 3.356 -
y=15° Traditional model  3.672 6.27 1.849 8.42 3.533 5.27
Proposed model 3.413 -1.21 1.742 2.12 3.304 -1.54
FE model 3.356 - 1.645 - 3.183 -
v=75° Traditional model  3.611 7.59 1.723 4.76 3.368 5.80
Proposed model 3.380 0.73 1.672 1.67 3.204 0.64

Fig. 16 shows the nephograms of the stress distributions of the gear pair with ESC at the three
meshing positions presented in Table 2. After extracting the stress data along TWD of the tooth pair with
ESC, the LSF;, of the tooth pair at the three meshing positions can be calculated by Eq. (51). The LSFy,
of the tooth pair with ESC obtained by the FE and proposed models are compared and displayed in Fig.
17, in which the stress at the two edges of the tooth is not counted due to the edge stress concentration
effect [41]. We can find that the variation trend of the load along TWD calculated by the proposed model
fits well with the FE results, which also shows the correctness and accuracy of the proposed model. It
should be mentioned that the calculation time of one meshing position using the proposed model only
costs about 0.6 s, while it will cost about 4.5 minutes correspondingly when using FE models, which

indicates the computational efficiency of the proposed model is much higher than that of the FE model.
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5.2 Analysis of tooth torsional deformation of the tooth pair with ESC

Under the influence of ESC, the teeth in the tooth pair with ESC will twist, but the relationships
between the direction and amplitude of the tooth torsional deformation and the ESC parameters as well
as the applied torque are still unclear due to the lack of suitable analytical models. Therefore, to reveal
the relationships, the effects of different crack parameters (crack length, depth and angle) and applied

torque on the torsional deformation of the teeth in the tooth pair with ESC are analyzed and discussed in



this section based on the proposed model.
5.2.1 Effects of crack length W,

The influences of crack length W, on the torsional deformation of cracked and healthy teeth in the
tooth pair with ESC is presented in Fig. 18. According to the definition of torsional deformation direction
in Section 3.1.2, the torsional deformation of the stressed section of the cracked tooth shown in Fig. 18
(a) is negative on the right side of the centroid O; (O, can be seen in Fig. 6), indicating that the equivalent
torque of the NDL along TWD on the left side of the centroid O is greater than that on the right side,
and the stressed section is rotated clockwise around the centroid O; in the YZ plane shown in Fig. 6 (b)
under any crack length cases. This phenomenon is due to the fact that with the increase of crack length
W., the centroid O; gradually deviates to the healthy slice area of the cracked tooth, which leads to the
decrease of the equivalent moment caused by the distributed force on the right side of the centroid O,

and then causes the cracked tooth turning clockwise around the centroid O;.
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Fig. 18. Effects of crack length W. on tooth torsional deformation (go = 3 mm, 7, = 60 N, v=15°, Position A): (a)
cracked tooth, (b) healthy tooth.

Different from the cracked tooth, the torsional deformation of the stressed section of the healthy tooth
on the right side of the centroid Os is positive, indicating that the equivalent torque on the left side of the
centroid O3 (O3 can be seen in Fig. 7) is smaller than that on the right side, and the stressed section also
rotates clockwise around the centroid O3 in the YZ plane. The results can be explained that the centroid
Os of the stressed section of the healthy tooth does not shift with the change of crack length, and the
distributed load on the right side of centroid Os is larger than that on the left side since the right side is
far away from the cracked slice area, resulting in the healthy tooth turning clockwise. It can be found
that the torsional deformation of both the cracked and healthy teeth gradually increases with the rise of
the crack length, indicating that the crack length has a significant effect on the tooth torsional deformation
amplitude of both the cracked and healthy teeth. In addition, we can see that under the same crack length,
the torsional amplitude of the cracked tooth is significantly larger than that of the healthy tooth,
demonstrating that the influence of centroid deviation of the stressed section caused by ESC on the tooth

torsional deformation is more significant than the NDL along TWD resulted from ESC.
5.2.2 Effects of crack depth q,

Fig. 19 displays the effects of crack depth go on the torsional deformation of cracked and healthy
teeth. It can be seen that the torsion direction of the stressed section of both the cracked and healthy teeth
rotates clockwise around their respective centroid in the YZ plane. With the increase of crack depth go,
the torsional deformation of both the cracked and healthy teeth in each slice position increases
significantly, which is due to that the raising of crack depth go leads to the more uneven distribution of

the load along TWD. Similar to the effects of crack length, the torsional amplitude of the cracked tooth



is significantly larger than that of the healthy tooth under the same crack depth, which also indicates that
the influence of centroid deviation of the stressed section on the tooth torsional deformation is more
significant than the NDL along TWD caused by the ESC.
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Fig. 19. Effects of crack length go on tooth torsional deformation (W = 8 mm, T, = 60 N, v=15°, Position A): (a)
cracked tooth, (b) healthy tooth.

5.2.3 Effects of crack angle v

Fig. 20 shows the effects of crack angle v on the torsional deformation of cracked and healthy teeth.
We can find that the torsion directions of the stressed section of both the cracked and healthy teeth rotate
clockwise around their centroids in the YZ plane. The torsional deformation of the cracked tooth is still
much larger than that of the healthy tooth under the same crack angle, which also shows the significant
effect of centroid deviation caused by ESC on the tooth torsional deformation. With the rise of crack
angle, the torsional deformation of the cracked and healthy teeth both increases, in which the increased
amplitude of torsional deformation of the cracked tooth is relatively obvious, indicating that the load
non-uniformity along TWD caused by the tooth crack is more significant than that caused by the body
crack. This phenomenon is due to that the weakening effect of the tooth crack on the tooth stiffness is
greater than that of the body crack under the same crack depth [22], which will cause the decreasing
amplitude of the stiffness in the crack slice zone of the tooth with ESC is greater than that of body crack,

and further lead to more uneven load distribution along TWD.
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5.2.4 Effects of torque T,

The influences of torque 7, on the torsional deformation are revealed in Fig. 21. It can be observed
that the torque has no effect on the torsional direction of the stressed section, and the torsion directions
of the stressed section of the teeth still rotate clockwise around their centroids. With the rise of torque,

the torsional deformation of the cracked and healthy teeth increases obviously, which is due to the



positive correlation between the tooth torsional deformation and the force along TWD. Under the same
torque, the torsional deformation of the cracked tooth is much larger than that of the healthy tooth, which
also demonstrates that the effect of the centroid deviation of the stressed section is more significant than
the NDL along TWD aroused by ESC.
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Fig. 21. Effects of crack angle 7, on tooth torsional deformation (go = 3 mm, W.= 8 mm, v=15°, Position A): (a)
cracked tooth, (b) healthy tooth.

From the above analysis in Sections 5.2.1-5.2.4, we can conclude that the increase in crack length,
depth, angle and applied torque will lead to the rise of the torsional deformation of both the cracked and
healthy teeth in the tooth pair with ESC. The torsional deformation direction and amplitude of the
meshing teeth are mainly determined by the centroid position of the stressed section and the non-
uniformity of the load along TWD caused by the ESC, in which the effects of the centroid position of the
stressed section is more significant. The results also indicate the ability of the proposed torsional
deformation analytical model to calculate the tooth torsional deformation at any position along TWD of
gears with NDL along TWD.

5.3 Analysis of TVMS and load distributions of gear with ESC

To reveal the relationship between the TVMS, load distributions and the parameter of ESC and
applied torque of the gear with ESC, the effects of the parameters of crack and applied torque on the
TVMS and load distributions of the gear with ESC are simulated and studied in this section based on the

proposed double-layer iterative model.
5.3.1 Effects of crack length W,

The effects of the crack length W. on the TVMS and load distributions of gears with ESC fault are
displayed in Fig. 22. In Fig. 22 (a) and (b), the shaded parts represent the theoretical double-tooth
engagement zones without considering ETC. It can be found that the ETC makes the actual double-tooth
engagement zone larger and the alternating region between the single- and double-tooth engagement
zones relatively smooth, but the effect of crack length on the distributions of single- and double-tooth
engagement zones of the TVMS and LSF), is relatively small. From Fig. 22 (a) we can see that the crack
length has a significant influence on TVMS. With the rise of crack length, TVMS gradually decreases,
which is because the increase of crack length leads to the increase of the crack slice area of the tooth with
ESC and then weakens the stiffness of the cracked tooth pair. Fig. 22 (b) shows the variation of load
sharing factor LSF;, of the tooth pair with ESC during the meshing process. It can be found that the
increase in crack length will cause the LSF;, of the tooth pair with ESC to decrease, which is because the

TVMS decrease of the tooth pair with ESC leads to the decline of its bearing capacity.
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Fig. 22. Effects of crack length . on TVMS and load distributions (go = 3 mm, 7, = 60 N, v=15°): (a)TVMS, (b)
LSFyp, (¢) LSFuw, (d) load along TWD.

Fig. 22 (c) presents the load sharing factor LSF}, of the tooth pair with ESC at the meshing position
A. The mean load line denoted by the dotted line is the theoretical LSF3, of the healthy tooth pairs. It can
be seen that with the increase of crack length ., the value difference of LSF, between the cracked and
healthy slice area of the tooth pair with ESC gradually increases, that is, the curve of LSF,, becomes
steeper with the crack length increasing. In addition, the rise of crack length also leads to the increase of
the area where the LSF}, is lower than the mean load line, especially when W =16 mm, which is due to
that the increase in crack length strengthens the non-uniformity of the load along TWD. Fig. 22 (d) shows
the load along TWD of the tooth pair with ESC at the meshing position A. It can be found that with the
increase of W., the load at each slice position along TWD gradually decreases, which is because the
increase of W. leads to the obvious decrease of the meshing force of the tooth pair with ESC at position
A. It can also be seen from Fig. 22 (d) that the load in the crack slice area is significantly less than that
in the healthy slice area of the tooth pair with ESC, and with the increase of ., the load difference
between the crack and healthy slice areas will increase, and the non-uniform characteristic of the load

distribution along TWD will be strengthened.
5.3.2 Effects of crack depth q,

Fig. 23 shows the effects of the crack depth goon the TVMS and load distributions of gears with ESC.
It can be seen from Figs. 23 (a) and (b) that the increase of crack depth go will cause the decrease of the
TVMS and load sharing factor LSF}, of the tooth pair with ESC, which is because the increase of crack
depth results in the decline of slice stiffness in the cracked slice area of the tooth with ESC. Similar to
the crack length, the crack depth also has little effect on the actual distributions of single- and double-
tooth engagement zones of the TVMS and LSF;, when considering the ETC. Fig. 23 (c) reveals that with



the rising of the crack depth, the load sharing factor LSF,, curve of the tooth pair with ESC becomes
steeper, and the load distribution difference between the cracked and healthy slice areas of the tooth pair
with ESC gets larger, indicating the larger crack depth will lead to the more uneven load distribution
along TWD. It can be observed from Fig. 23 (d) that the increase in crack depth will lead to the overall
decline of the distributed load along TWD, in which the load in the cracked slice area decreases greatly.
This phenomenon can be explained that the load along TWD of the tooth pair with ESC is mainly
determined by the LSF,, and LSF,, when the applied torque is fixed, wherein the LSF,, determines the
overall bearing level of the tooth pair, while the LSF}, decides the distribution law of the load along TWD.
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Fig. 23. Effects of crack depth go on TVMS and load distributions (We = 8 mm, 7, = 60 N, v=15°): (a) TVMS, (b)
LSFyp, (¢) LSFw, (d) load along TWD.

5.3.3 Effects of crack angle v

The influences of the crack angle v on the TVMS and load distributions of gears with ESC are
presented in Fig. 24. It can be observed from Fig. 24 (a) and (b) that the increase of crack angle will
cause the decrease of the TVMS and the LSF, of the tooth pair with ESC, which is due to that the stiffness
weakening effect of the crack with a larger angle (tooth crack) is stronger than that with a smaller crack
angle (body crack) under the same crack depth [22]. The crack angle also has little effect on the
distributions of ETC zones of the TVMS and LSF,. Fig. 24 (c) and (d) show that with the rise of crack
angle, the difference of load distribution between the cracked and healthy slice areas of the tooth pair
with ESC gradually increases, and the non-uniformity of load distribution along TWD is strengthened.
The amplitude of load along TWD at position A is mainly determined by the LSF}, due to the small
deviation of LSFy, of the tooth pair with ESC under different crack angle cases.
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Fig. 24. Effects of crack angle v on TVMS and load distributions (go = 3 mm, W.= 8 mm, 7,= 60 N): (a) TVMS,
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5.3.4 Effects of torque T,

The effects of the torque 7, on the TVMS and load distributions of gears with ESC are shown in Fig.
25. As can be found from Fig. 25 (a) and (b), the torque has a significant effect on the distributions of
single- and double-tooth engagement zones of the TVMS and LSF}, when considering the effects of ETC.
With the increase of the applied torque, the double-tooth engagement zone of the gears becomes larger,
which is because the larger torque leads to the larger deformation of the meshing tooth pair and prolongs
the engagement time of the tooth pair meshing in advance or out in delay. In Fig. 25 (a), we can see that
the increase of torque 7, will result in the increase of TVMS, which can be explained that there is a
nonlinear relationship between the tooth contact stiffness and contact force, and the larger meshing force
will cause the nonlinear growth of contact stiffness, then lead to the increase of TVMS [32-34]. From
Fig. 25 (b) we can find that the applied torque mainly affects the LSF}, of the cracked tooth pair during
the ETC zones, and for other engagement zones, its effect is relatively small. This phenomenon can be
explained that the increase of torque will also lead to the increase of the TVMS of the healthy meshing
tooth pair due to the nonlinear characteristics of the contact stiffness, and its increased amplitude almost
keeps the same with the cracked tooth pair during the non-ETC zones, while in the ETC zones, the
deviation between the nonlinear contact stiffness of the healthy and cracked tooth pairs gradually grows

larger due to the larger difference of meshing force between the two meshing tooth pairs.
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Fig. 25. Effects of torque 7, on TVMS and load distributions (go = 3 mm, W.= 8 mm, v=15°): (a) TVMS, (b) LSF,
(¢) LSFw, (d) load along TWD.

Fig. 25 (c) shows that with the increase of torque, the curve of load sharing factor LSF;, of the cracked
tooth becomes steeper, but this effect is relatively small compared to the effects of crack parameters. The
small difference of LSF}, under different torque is mainly due to the different torsional stiffness of the
slices and slice coupling stiffness caused by different torques. In Fig. 25 (d), with the increase of torque,
the overall level of the load along TWD increases significantly, but the load distribution law along TWD
keeps close. This phenomenon is due to that the total meshing force of the tooth pair with ESC increases
significantly with the increasing of torque, while the influences of torque on the load sharing factors
LSF, and LSF), are limited at position A.

From the above analysis in Sections 5.3.1-5.3.4, it can be concluded that with the increase of the
length, depth and angle of the ESC, the TVMS and the total bearing load of the tooth pair with ESC will
decrease, and the non-uniformity of the load along TWD will be strengthened, leading to the decline of
the load on the cracked slice area of the tooth pair with ESC. Due to the nonlinear contact characteristics,
the increase of applied torque will result in the increase of TVMS, but the effects of torque on the LSF,,
and LSF, of the tooth pair during the meshing zones without ETC are relatively small and can be ignored.
The crack parameters have less influence on the TVMS and LSF}, in the ETC zone, but the effect of the
torque is relatively significant. The load distribution along TWD of the tooth pair with ESC is mainly
determined by the applied torque, the LSF, as well as the LSF,,, in which the applied torque and LSF,,
mainly determine the overall bearing level of the tooth pair, and the LSF}, of the tooth pair mainly
determines the distribution law of the load along TWD. The results validate the ability of the proposed

double-layer iterative analytical model to express the relationship between the TVMS and load



distributions of gears with ESC under different ESC and applied torque parameters.

6. Conclusions

To understand the unclear coupling mechanism between TVMS and load distribution along TWD of
gears with ESC, a double-layer iterative analytical model for the TVMS and load distributions of the
gear with ESC is proposed in this paper. In the proposed model, an analytical model of tooth torsional
deformation and a parallel slice stiffness model of the tooth pair with ESC as well as a double-layer
iterative calculation method for the TVMS and load distributions are included and developed separately.
The proposed double-layer iterative analytical model is validated to have the ability to realize the accurate
and fast decoupling calculation of the TVMS and load distributions of gears with ESC, and its calculation
speed is about 450 times faster than that of the FE model. Through the proposed double-layer iterative
model, we can evaluate the tooth torsional deformation, TVMS and load distributions between meshing
tooth pairs and along TWD of gears with ESC under different ESC and applied torque parameters. The
proposed model can also be used for the modelling of TVMS and load distributions of gears with
asymmetric errors or faults along TWD.

It should be noted that some future study works are worthy being carried out based on the proposed
model in this paper. For example, by considering the structure coupling effect of the fillet foundation
between the neighbouring teeth [46, 47] under the effects of NDL along TWD, the influences of
manufacturing errors [48], installation errors [28, 49] and tooth modification errors [27, 50], the proposed

analytical model can be further extended and improved.
Appendix A. Stiffness calculation parameters of the slices of the healthy tooth

In Egs. (21) and (24) in Section 3.1.3, parameters d1, x1, d>, I and &, are respectively expressed as

follows:
J R, [(al + az)sin oy +cosay —cosa, ], if R, >R, A1
b Rb[(oc1 +a,)sing, +cosa1]—Rg cos if R, <R, '
R, [(a +a, )sina +cosa —cosa, ], if R, >R,
X = (A2)
1 Rb[(a+a2)sina+cosa]—Rg cos, if R, <R,
Ry cosa, =R, cosO,if R, >R,
d, = . (A3)
0 if R, <R,
1 3 . .
Ehhx] Wj! l:1 hhlej’ l:1
Ihxi = 1 ’ Ahxi = h W ) (A4)
— ey W, =2 w2y 1=
12 - /
h =R, [(al +a, )cos o, —sin a,] (A5)
In Eq. (A.4), the height 4, of the micro-section at position x; can be calculated as,
2R, [(a +a, )cosa —sin a], i=1
(A.6)

7

2
Pii =12, sina, +2r 1—‘/1—(’“—2j =2



Here, r represents the radius of the transition curve between the tooth profile and the dedendum circle.

Appendix B. Stiffness calculation parameters of the slices of the tooth with ESC

The parameters in Eq. (27) in Section 3.1.4 are derived as follows,

dy =gcosv+R, cosf, —R, cosp (B.1)
[cxi :Lhcxi 3I/Vj
12 , =123 (B.2)
Acxi = hcxi Wj

R, cosay —R,cosO, —d, —x
e K "¢ s 2 1(Rgsin¢—qsinv—h,,), i=1

1
_hhxl + hr +
2 R, cosay — R, cosOr +d3

R,cosayg — R, cos0, —d) +x;

(Rgsin(p—qsinv—hr), i=2 (B3)

2
hoy =1 Rysinc, +1{1- 1—[ﬁj +h+
r

R, cosayg — R, cosOf +d;3

Vx| MB, i=3

1 1
B+ =l ——hy, i=1
1 > hxl 2

cxl »

2
b (i) h+R,sina, +r|1- 1—(x—2j —lhcxz, i=2

7

|DC|cos(e, +0)-[0C], i=3

(B.4)

/= |DC| sin(oc1 + 6) (B.5)

In Eq. (B.5), |DC] and @ can be deduced as,

e

[GH|+|GBltan 6 hT +[— tan ,,(|GH| +|GB]tan 6)

2
+|GH|-d, —-d B.6
tanf +tane,, | | ! 2} 8.6

tanf+tane,,

0= arctan(x3 / |MB|) (B.7)
of which,

R, singp—gsinv—h,

|MB| =R,sinf, + (Ra cosag —R, cos; +x; )+ h,. (B.8)

R,cosay —R,cosb, +d;

In Eq. (28), parameters sy and us can be given as,

S, =|BO|= \/d32 + (Rg sin g —gsinv + R, sin 9,)2 (B.9)

Hpy =17

27/ tan y +tan

2
Tgr {|GH|+|GB|tan}/_|GB|J +[—tanal(|GH|+|GB|tan}/)
tany +tan o

2
+ |GH|J tan(az1 + }/)
(B.10)

Here,



|GH| =|0,H|~|0,G| =R, /cosa, - R, cos O, (B.11)

|GB| = Rg sin Hf
(B.12)
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